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ABSTRACT
Blind puncture access procedures are frequent in medicine but can lead to complications due to
over-puncture. When tissue membranes yield under applied stress, the device suddenly
accelerates forward into the patient. Clinical background for puncture access procedures and
specifically trocar insertion during laparoscopic surgery is presented. A design method is
outlined and applied, with functional requirements defined and strategies and concepts detailed.
The chosen mechanism concept is developed through geometric analysis. A cost-effective
flexure-based mechanism is proposed as an improvement, and flexure mechanics analysis is
performed. Flexure samples were manufactured and tested to validate theoretical work and
fabrication technique. Prototypes were constructed, revealing the need for further design for
assembly and flexure design considerations. Potential solutions are proposed and future steps
outlined. The proposed device has the potential to improve safety during blind puncture access
procedures by actively opposing forward acceleration of the device upon break-through thus
reducing over-puncture incidents.
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Nomenclature
Ft force applied to device tip in axial direction
FL force applied to mechanism wall by lower mechanism links
FLx x component of FL
FLy y component of FL
Fs force applied to upper end of mechanism in axial direction
Fu force applied to mechanism wall by upper mechanism links
Fux x component of Fu
Fuy y component of Fu
01 angle between upper mechanism link and normal axis
02 angle between lower mechanism link and normal axis
w horizontal distance between two walls of device body
si half of normal distance between linkage pin joints at the upper end of mechanism
S2 half of normal distance between linkage pin joints at the lower end of mechanism
11 length of upper links
12 length of lower links
EFN net normal force applied to each wall by mechanism
Ff static friction force acting in axial direction at each wall
coefficient of static friction between mechanism and wall
FNr residual normal force applied to wall by flexure mechanism
1 length of flexure hinge leg
r flexure hinge fillet radius
t in-plane flexure hinge thickness
b out-of-plane flexure hinge thickness
KO in-plane bending stiffness for one comer-filleted flexure hinge
E young's modulus
T system kinetic energy
V system potential energy
Fy generalized axial force
y axial flexure deflection
h unloaded length of flexure in axial direction
OA interior angle between upper link and upper mechanism bar at flexure hinge A
OB interior angle between upper link and lower link at flexure hinge B
OB interior angle between lower link and axial direction at flexure hinge C
AOy angular displacement of flexure hinge due to deflection y
Fx generalized normal force
x normal flexure deflection
AOx angular displacement of flexure hinge due to deflection x
te effective in-plane flexure thickness
I area moment of inertia of flexure cross section
a measured in-plane flexure thickness at front face
c measured in-plane flexure thickness at back face
Technical Background:
A variety of devices exist for procedures in which one or more tissue layers must be punctured
without direct visualization of the instrument tip, in order to gain access to a body cavity, duct, or
blood vessel. These devices are generally long and slender and are designed to be stiff in the
axial direction. The user applies force in the axial direction to cause the device to penetrate
axially into the tissue by cutting, tearing or separating tissue fibers.
In the human body, tissue is organized into layers that contain and protect anatomical structures
from environmental factors and foreign bodies. Each of these layers has an inherent stiffness
that allows it to remain continuous as the body changes position and interacts with various
objects. When a puncture access device is pressed against a layer of tissue, the layer will deform
to a certain degree before failing and allowing the device to penetrate. In this pre-puncture
deformation stage, a balance of forces is present in which the axial force applied to the device by
the user balances the tension in the tissue layer. Since these forces are of equal magnitude and
opposite direction, the net force on the device is zero and the system is static.
At point of puncture, or the instant when the tissue fails (yields) at the tip of the instrument, the
force applied to the device by tissue tension goes to zero. However, the force applied by the user
remains. In order for this user-applied force to change, sensory stimuli, either the tactile loss of
opposing force, or the visual observation of tissue failure, must travel to the user's brain. The
brain must process this information and output a reduction of muscle activity, which must then
travel back to the muscle applying the insertion force. This neurologic loop takes about 0.3
seconds to complete [1]. During this time, there is a force imbalance in the system in which the
net force on the device is equal to the insertion force at the time of tissue failure, pointing in the
direction of puncture. This net force causes the device to accelerate into the patient for the time
it takes the user to react to the change in force. Since the mass of the device is often relatively
small (on the order of several ounces) for the amount of force being applied by the user (on the
order of 20 lbf), the resulting acceleration is considerable and the device may travel to a
significant depth into the patient before the user can stop its motion. The greater the insertion
force at time of puncture, the greater the resulting acceleration and final penetration depth. This
creates a dangerous and potentially deadly situation for the patient in which the tip of the
instrument may puncture or damage delicate organs or structures. In a comprehensive report on
laparoscopic trocar injuries, the U.S. Food and Drug Administration confirmed that the amount
of force required to puncture the abdomen may correlate with chance of injury, and that trocars
that require higher amounts of force to insert may result in twice as many patient injuries [2].
This danger is further amplified by the fact that these procedures are conducted with limited or
no visualization, sometimes causing potentially life-threatening problems to go unnoticed.
Although not previously generally addressed in the literature, this "over-puncture" effect has
been recognized and attempted to be addressed in various medical disciplines. Device designers
have attempted to make safer instruments by offering dynamic blade covers, blunt-tipped
devices, and other claimed improvements detailed in the following sections of this study.
Although these solutions indirectly address the problem of over-puncture by attempting to reduce
its potentially harmful effects, they do not reduce the sudden acceleration into the patient at the
point of puncture and in some cases, even exacerbate over-puncture.
Medical professionals have also developed solutions to reduce over-puncture with the devices
that are available to them. Often, physicians will use a modified insertion motion, such as
twisting the device as is it inserted to weaken tissue and reduce the force required for tissue
failure, or applying short controlled bursts of force, described as "controlled jabs" [2] to pre-
empt tissue failure and device acceleration. Some doctors will lift a tissue layer away from
underlying structures to increase the space in which the device can accelerate after puncture
before it causes damage. Although these solutions improve the safety of these procedures and
reduce over-puncture, it is not befitting of the engineering discipline to rely on users to solve
problems rather than delivering better devices. A great opportunity exists within medical device
design to reduce over-puncture during blind trans-membrane access procedures.
Clinical Background: Laparoscopic Surgery:
In traditional surgery, one or more incisions are created in the skin and superficial tissues of a
patient to access anatomical structures and treat medical conditions. Although surgery saves the
lives of many people who would otherwise have no hope of survival, it carries with it countless
serious risks. Simply creating an incision carries chances of infection, hernias and other damage
to the connective tissues, and significant post-operative pain. Other risks include accidental
organ or vessel puncture, incorrect reconnection of tubes or ducts, or even the possibility of
leaving instruments inside the patient or performing the wrong operation on a patient. One
solution to the dangers associated with surgical incisions that gained immense popularity in the
early 1990's and is now the gold standard for many surgical procedures is laparoscopy.
Laparoscopic procedures replace the standard large surgical incision with three or more "ports,"
small incisions on the order of 1 cm long. The patient's abdomen is inflated to create a space
between the abdominal wall and the underlying organs, and long slender instruments are inserted
through the ports to manipulate tissues. A camera is inserted through one port to provide a view
of the surgical field. Figure 1 shows the configuration of ports in a patient's abdomen during a
standard laparoscopic procedure.
Laparoscopic Procedure
Figure 1: Standard configuration of instruments, patient, and surgeon during laparoscopic surgery.
Note that the abdomen remains intact except for small instrument ports.
A standard abdominal laparoscopic procedure begins by opening a single incision, often directly
through or adjacent to the navel to minimize visible scarring. The skin, fat, and muscle are
dissected, exposing the fascia and peritoneum, the tough tissue layer protecting the abdominal
organs [3]. A Veress needle is used to carefully puncture the peritoneum and inject air into the
abdomen to a pressure of 14 mmHg. The Veress needle is a puncture-access device that includes
a thin-walled large bore hypodermic needle that acts as an outer sheath. A spring-loaded blunt-
tipped hollow shaft lies in the sheath and when in neutral position, extends past the tip of the
outer sheath, protecting its sharp edges. When the tip of the needle is pressed against tissue, the
inner shaft compresses backwards, exposing the sharp edge of the needle and allowing it to
penetrate tissue. When the tip of the needle breaks through a layer of tissue, the inner shaft
springs forward to protect underlying structures from accidental puncture. The hollow inner
......... . ...... .. . .. .. . . . .. .. .......
shaft is connected to an air line that delivers and regulates insufflation pressure. Figure 2 shows
a standard verress needle.
Figure 2: Standard Veress needle used in laparoscopic surgery [4].
Pressurized air causes the patient's abdominal wall to distend upwards, creating a space in which
the surgeon will be able to manupulate instruments and anatomical structures. Once the
abdomen is fully insufflated, the Veress needle is removed and a standard laparoscopic trocar is
inserted through the same incision. A trocar is a device used to create points of access through
the patient's abdominal wall. It consists of a rigid outer sheath called a cannula, and an inner rod
called a trocar insert whose distal tip is designed to separate and penetrate tissue. Once a trocar
is inserted into the patient, the insert is removed, leaving the rigid cannula through which various
instruments or cameras can be inserted and operated. Standard laparoscopic trocars come in 3, 4,
5, 7, 8, 10, 11, 12, and 15 mm inner diameters. The most commonly used sizes are 5 and 12 mm.
All inner diameter sizes come in a variety of lengths for use with patients who have abdominal
walls of various thicknesses. Figure 3 shows a standard laparoscopic trocar, both assembled and
separated into cannula and insert.
Figure 3: Standard laparoscopic trocar. From top: cannula, trocar insert, and cannula and insert
assembledfor use [5].
.....- ...... ----
Next, a camera is placed into the patient through this first trocar, and the operating field is
surveyed and examined for defects, injuries, imperfections, or adhesions that may affect the
course of the procedure. Once the surgical field has been visualized, two or more additional
ports are created by opening a 1 cm incision through the skin and fat to expose the peritoneum
and puncturing the peritoneum with a trocar. Laparoscopic instruments are inserted through the
ports and the procedure is performed. At the end of the procedure, the instruments and cannulas
are removed from the patient's abdomen. The peritoneum is first sutured closed, and the skin is
either sutured or bandaged closed if the incision is small enough.
Laparoscopic surgery has several important benefits over open surgery that have contributed to
its becoming the gold standard for a variety of procedures. First, the reduction in the size of the
incision leads to faster recovery, less pain, and fewer lasting cosmetic effects. Faster recovery
times lead to shorter hospital stays and lower cost of care, as well as shorter absences from work
and a subsequently reduced negative economic impact. In addition, the closed environment of
laparoscopic surgery creates a significantly lower risk of infection.
Although laparoscopic surgery carries many important benefits, it is limited by the risk of over-
puncture inherent to puncture-access procedures. The peritoneum is a very strong membrane
that requires a significant amount of insertion force to puncture. This creates a high risk of over-
puncture, and abdominal organs are often at risk of laceration or blunt trauma. In fact, it is
widely acknowledged that trocar insertions account for the greatest number of complications in
laparoscopic procedures [2], [6].
Current Practice:
Current solutions to the problem of blind transmembrane access can be grouped into four distinct
strategies for penetrating tissue. These include cutting blades, blunt tissue separation,
electrosurgery, and ultrasound.
I. Bladed Devices:
Bladed devices use one or more sharpened edge to cut and separate tissue layers. The force
required to drive a bladed device through a layer of tissue is determined by several properties of
the blade.
Pressing a sharp flat blade against a surface causes shear stress in that surface. A sharper blade
will contact the surface over less area than a dull blade. If the same amount of force is applied to
both blades, the sharp blade will apply more pressure. The tissue contacting the sharp blade will
therefore experience higher shear stress and is more likely to fail. In general, blades that are
sharper, or whose cutting surface area is smaller, require less insertion force to penetrate a tissue
layer.
Often, to even further lower the force required to penetrate tissue, the blade is given a triangular
or angled profile with two sharpened edges that meet at a point. This point has a much lower
cutting surface area than a flat blade and requires significantly less force to penetrate tissue.
Once the tip of the blade has penetrated, the angled edges of the blade continue cutting through
the tissue layer. The draft angle between the edges of the blade affects the insertion force in two
ways.
Since they are neither normal nor parallel to the tissue layer these edges apply force to the tissue
in both the axial and radial directions. The axial component of force causes shear stress in the
tissue. The radial component of force is applied in the direction of cut and is responsible for
enlarging the incision as the blade advances. Therefore the blade that applies the greatest radial
component of force will penetrate most easily. The blade with the smallest draft angle between
its edges will apply the greatest radial component of force and will therefore require the least
penetration force. Figure 4 illustrates this principle.
High Draft Angle
y (axial)
Insertion Force
x (radial)
Insertion Force
I
Force applied to tissue
Tissue Layr
Force applied to tissue
Figure 4: Blades with high and low draft angles andforces applied to tissue during axial penetration.
Note that the blade with the low draft angle applies force to the tissue in primarily the radial direction.
Device tips often have a larger cross sectional area than that of their cutting edge. Once a tissue
layer is penetrated by the sharp edge of a blade, the tissue must expand to allow the entire device
tip to penetrate. The distance in which the tip expands from its cutting edge to its full cross
sectional area, corresponding to its length-averaged draft angle, greatly affects the force required
to penetrate tissue. In order to expand tissue, the device must apply a force radially outwards
from the axial direction. However, force is only applied to the device in the axial direction. As
with angled blades, the angle of the plane of contact between the device and the tissue
determines how much force is transferred to the tissue in the axial direction and how much in the
radial direction. Devices with the lowest average taper angle, or those that expand to their full
footprint over the largest length, apply the greatest force outwards to the tissue and generally
require the lowest insertion force to expand and penetrate tissue.
In some cases, multiple blades are employed. In general, adding cutting surfaces increases the
area over which cutting force is applied and increases the necessary force to penetrate. However,
Low Draft Angle
if a single flat blade is substituted with multiple pointed blades, the cutting surface area may
even be lowered.
Bladed devices are certainly the oldest and most common type of puncture access device. They
are the gold standard for venous access; hypodermic needles are ubiquitous in medical practice.
A variety of bladed laparoscopic trocars have been used in medical practice, but have recently
become less prevalent due to growing concern over accidental puncture injuries leading to
significant complications during procedures. Although bladed access devices require low
insertion force and are greatly effective in puncturing tissue layers, they pose significant risk to
patients because they do not discriminate in what tissues they cut. The force concentrations
caused by the small cross sectional areas of the tips of these devices are high enough to cause
most tissues to fail easily. Figure 5 shows several bladed puncture access devices.
I I
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Figure 5: Various bladed puncture access devices including (clockwise from top left) a laparoscopic
trocar [7], a bone marrow biopsy needle [8], assorted hypodermic needles [9], and laparoscopic verress
needles [10].
One strategy to improve the safety of bladed devices has been the "shielded" class of devices.
These instruments employ various mechanisms to cover the blade when penetration is not
................   .............    
desired. Many such devices employ a spring-loaded blade guard that is retracted when the blade
is pressed against a tissue layer and accelerates forward to cover the blade once the device tip
penetrates. Although this strategy adds an element of safety to these devices, it fails to address
the fundamental physical principles behind the problem and ultimately does not decrease the risk
to the patient [11]. The FDA's report on trocar injuries states that up to 39% of trocar injuries
reported in the literature occur when a shielded trocar is being used [2]. In fact, in 1996 the FDA
asked device manufacturers to stop using the term "safety trocar" to market shielded trocars
because they did not find sufficient evidence to suggest that these devices lowered the risk to
patients [2]. Adding a blade guard does not decrease insertion force; in fact, the added force
required to retract the guard can even result in a higher unbalanced force and greater into-patient
acceleration once the device penetrates. In addition, since the blade is static with respect to the
device body, there is no decrease in the forward acceleration of the blade once it penetrates.
Because the blade guard must accelerate and catch up to the blade following penetration, the
blade can be left exposed to a significant depth within the patient. Figure 6 is taken from a study
that documents this behavior. It shows a high-speed image of blade-guard laparoscopic trocars
being driven into tissue simulators. Note the distance to which each blade is exposed past the
tissue.
Figure 6: Four high speed video frames showing trocar being driven through tissue simulator [12].
From left to right starting at top left: tissue simulator before puncture, tissue begins to deform as force is
applied, trocar tip has punctured tissue with blade still exposed, blade guard has advanced to cover
blade. Note the distance to which the blade is exposed past the tissue.
The Covidien Surgical VisiportTM trocar employs a different strategy to protect its blade. This
device features a blade that is briefly exposed and performs a slicing motion each time a trigger
is pressed. The tip of the trocar is clear, allowing the surgeon to look down its length in order to
know when the device tip has penetrated the abdominal wall. Although this type of trocar does
potentially offer decreased risk of injury, reports of complications associated with its use are still
found in the literature [2].
The Covidien Surgical VersaStepTM trocar employs a two-stage strategy of bladed puncture.
This system includes a Veress needle with a tightly fitting elastic sheath. Once the patient is
insufflated, the needle is removed and the sheath left in place. A tapered blunt-tip trocar is
inserted through the sheath, expanding the small hole through the abdomen. Since the trocar is
blunt, the risk of accidental over-puncture exists only in the Veress needle insertion. A Veress
needle has a much smaller cross sectional area than that of a standard trocar and requires
significantly less insertion force; therefore, the potential for over-puncture is reduced. However,
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injuries relating to Veress needle insertion are still reported and have motivated device
manufacturers to seek alternate puncture methods [2].
I. Blunt Devices:
Another class of instruments employed in blind access procedures is blunt tissue separation
devices. Blunt access devices have smooth tips in order to apply their insertion force uniformly
over a much larger area than bladed tips. These devices rely on the fact that animal tissue is
highly non-homogenous and anisotropic. Functional tissue such as muscle, organ systems, and
fat is often organized into strips, strands, tubes, layers, and other structural elements loosely held
together by weaker connective tissue called fascia. When blunt devices apply uniform pressure to
an area of animal tissue, the fascia will fail first, allowing various tissue structures to separate,
stretch, and move aside without being damaged or rupturing to allow an instrument to pass.
Since blood supply to the fascia is relatively limited, blood loss is minimized by this puncture
strategy.
Blunt access devices are designed with a variety of tip shapes, tapers, and areas. Some employ
additional features such as splines or spiraled ridges that aid in tissue separation. All tip designs
have the common feature that they are not able to rupture or puncture uniform tissue structures
when a "standard" range of insertion force is applied.
Another significant benefit of blunt access devices is their simplicity and low cost. No moving
parts are required and the entire device may often be made of one low-cost material such as
medical grade thermoplastic. Injection molding can be employed as a manufacturing technique
and is widespread and economical. In addition, shipping, storage, and handling are significantly
cheaper and simpler for blunt devices, as bladed instruments must be inspected and carefully
handled to protect and ensure their sharpness. As a result, device manufacturers can sell these
devices at a significantly lower price than that of bladed alternatives while still increasing their
profit per device.
Although blunt access devices alleviate the danger of unintended tissue rupture and puncture
during blind access procedures, they pose several drawbacks and risks to patients and are not
appropriate for all procedures. Because the insertion force is spread out over a much greater area
of tissue, the force required to puncture a layer of tissue is significantly higher for a blunt device
than for a bladed device of similar cross sectional area. Passerotti et al found that a 12mm blunt
trocar took significantly more force than a 12mm bladed trocar to puncture the abdominal
peritoneum [12]. As a result, when the device tip finally punctures the tissue layer, the
unbalanced force is significantly higher, leading to a higher acceleration into the patient and a
greater risk of over-puncture. Due to the device tip being blunt, over-puncture with these
devices rarely leads to accidental tissue rupture, however there is significant risk of blunt trauma
to organs and other structures. Highly vascular organs such as the liver are particularly at risk,
where a sudden impact can rupture blood vessels and cause severe internal bleeding.
In addition, blunt access devices tend to cause more pain during insertion in blind access
procedures where the patient is awake and able to feel pain. A pain response in humans can be
triggered by a variety of different stimuli and tissue deformation or failure conditions. In
general, the amount of pain a person feels increases with the amount of force applied to a certain
area and the number of nerve endings to which a given force is applied [13]. Because blunt-tip
puncture devices require a significantly higher insertion force and apply this force over a greater
area, more pain results from the use of these devices. As a result, blunt-tip puncture devices are
almost never used in procedures in which the patient is not sedated or anaesthetized. However, it
should be noted that physicians have studied the effect of blunt surgical trocars on post-operative
pain, and have often found that blunt trocars tend to cause the patient slightly less pain during
healing than sharp devices [14].
Another drawback inherent to blunt access devices is the increased volume of affected tissue as
compared with bladed devices. Since bladed devices pass through tissue layers with relatively
low insertion force, they often create fairly regular and uniform wounds and have little effect on
tissue more than slightly outside the volume they occupy when inserted. Blunt devices rely on
creating tears along natural regions of weakness in tissue structures and expanding them to allow
the device to pass through. These tears can propagate out into surrounding tissues causing the
affected volume of tissue to grow significantly. This is especially significant in procedures that
require entering highly vascular or delicate structures, such as the brain. In a brain biopsy, it is
favorable for a sample to be collected with as little disturbance of surrounding tissue as possible
to avoid damage to cognitive ability. A bladed device is significantly more suitable at achieving
this task. In addition, the tears created by blunt devices occur along natural paths within tissue
and are therefore highly irregular in shape and pattern. Therefore, puncture wounds created by
blunt devices are much less "clean" as compared to those created by bladed devices. Some
physicians have argued that this non-uniformity in wound edges allows for better healing [15].
However, wounds of this type can be more difficult to close since wound edges are difficult to
visualize and an even suturing path more difficult to determine.
Finally, although blunt access devices are often favored because they cannot pierce certain tissue
structures, this inability causes them to be unsuitable for certain procedures. For transdermal
drug injections or bone marrow biopsies, blunt devices are impractical because skin and bone are
strong, uniform tissue types that only fail when a highly concentrated force is applied.
Despite their potential risks, blunt access devices are frequently employed and recommended for
use in laparoscopic surgery [16]. In the past decade a large number of medical papers have been
published on the subject of accidental puncture complications during laparoscopic procedures,
often involving the use of bladed trocar systems [2], [6], [11], [17]. This trend and the resulting
skepticism by physicians regarding bladed systems created a significant opportunity for a new
trocar technology to become standard practice, and device manufacturers have seized the chance
to market the blunt trocar as a safer alternative. Their low cost has also made them highly
attractive to both device manufacturers and hospitals. Although blunt devices are safer in
preventing accidental punctures, they fail to address the underlying physics that make over-
puncture a risk in blind transmembrane access procedures. In fact, blunt access devices may
pose a higher risk of over-puncture due to their higher required insertion force.
II. Electrosurgery:
Electrosurgery refers to a class of medical devices that use the heat generated by electrical
current to cut and cauterize tissue. These devices work by passing alternating current through
tissues to heat them, destroying cell membranes and sealing small blood vessels [18]. This
method allows rapid dissection of tissue layers with minimal bleeding. In addition, since the
tissue fails by heat damage rather than by stress application, cutting force is minimized.
The two common configurations of electrosurgical devices are bipolar and monopolar. Bipolar
devices have two electrically insulated electrodes integrated into their end effector. The
electrodes are positioned on opposing sides of tissue, and current passes from one electrode
through the tissue and to the other electrode [18]. Examples of bipolar devices include
electrocautery scissors and graspers. Monopolar devices have one electrode integrated into their
end effector. The other electrode resides in a conductive pad that is fixed to the patient's skin
somewhere far from the surgical site. Electric current passes from the tip of the instrument to the
tissue and through the patient's body to the skin electrode. The heat generated at a point along
the circuit is proportional to current density squared [19]. Current density is given as the current
flowing along a path per unit cross sectional area of that path. Where the tip of the instrument
contacts tissue, the path through which current flows has a very small cross sectional area,
whereas along the rest of the circuit the same amount of current flows through a much larger
cross sectional area in the patient's body. As a result, there is a much higher current density at
the instrument tip, generating a significant amount of heat which enables cutting and coagulation
of tissue. The heat generated in the rest of the patient's body is trivial and causes no tissue
damage.
Electrosurgical devices are ubiquitous in current surgical techniques, including laparoscopy.
They are almost always used when creating surgical site incisions, as they quickly reduce
bleeding from the many vessels located in superficial tissue layers. However, they are all but
absent in puncture access devices due to several reasons. In procedures that do not employ
analgesics, the pain caused by burning through tissues is too significant to justify the use of
electrosurgery. In addition, since these devices apply a significant amount of heat to surrounding
tissues, the region of tissue damage extends past the region of tissue that directly contacts the
device. In puncture access procedures such as hypodermic needle insertions where the size of
the incision is on the order of only several cell diameters, using electrosurgical techniques would
greatly increase the region of tissue damage and scarring and would significantly increase harm
to the patient. Finally, the equipment required for electrosurgery makes it highly impractical for
low cost procedures. Perhaps this technology is applicable in the case of laparoscopic trocars,
where the patient is anaesthetized and the area of residual tissue damage would be negligible
compared to the size of the incision. However, no electrosurgical trocars are currently available
on the market.
IV Ultrasound:
Ultrasound refers to vibrations at frequencies above the standard human audible upper bound of
20 kHz. This range of frequencies is far above what could be called the standard operating range
for human tissues, and when excited at non-trivial amplitudes in this range of frequencies, tissue
behaves in several interesting ways. Sonoporation is the change in cell membrane characteristics
that occurs at ultrasonic frequencies. Above 20 kHz, pores in the membranes begin to enlarge,
allowing larger molecules to enter and exit the cell [20]. If vibration is applied for sufficient
periods of time, the cell membrane will rupture. Cavitation is the formation of gas bubbles in a
flowing liquid when the pressure of the liquid falls below its vapor pressure [21]. Shock waves
caused by ultrasonic vibration can cause cavitation.
Several currently-available devices utilize ultrasound to pierce tissues. The Harmonic devices
from Ethicon Endo-Surgery are laparoscopic instruments that apply 55 kHz vibrations to tissue
[22]. At this frequency, proteins in the tissue are denatured and coagulation occurs. This
mechanism produces a similar result to that of electrosurgical devices, yet with a smaller region
of tissue damage and to a lesser degree of damage. A similar device exists for cutting through
bone and cartilage [23]. Although these devices are highly popular with surgeons, no ultrasonic
devices are currently available for use in puncture access procedures, likely for the same reasons
as why electrosurgery has limited application in these procedures.
Problem Statement:
Blind puncture access procedures challenge medical professionals to penetrate tissue layers to a
relatively precise depth without damaging surrounding tissues or causing significant harm to the
patient. A fundamental contradiction exists in these procedures in that physicians must apply
significant force to pierce resilient membranes, however this increased force makes it more
difficult both to control the motion of the device as resistance fluctuates and to reach the desired
depth with accuracy. This creates a potentially dangerous situation for the patient in which the
device may puncture too far, injuring organs or blood vessels and causing increased pain,
recovery time, or even lasting adverse health effects or death. Significant injury rates as high as
13 instances in every 100,000 cases in the U.S. have been reported [2]. Due to the physics of
these procedures, it is highly desirable to decrease the insertion force of such devices which, in
turn, will alleviate the risk to the patient.
Laparoscopy is the gold standard for a variety of surgical procedures. Each laparoscopic
operation requires the insertion of three or more trocar ports, each of which can be viewed as an
individual puncture access procedure. It is generally accepted that trocar insertion accounts for
the greatest number of complications during laparoscopic surgery [2], [6]. Increasing the safety
of laparoscopic trocars would have a significant impact on patient safety and might offer a
solution that could be applied to increase the safety of other puncture access procedures.
Design Process:
In this project, a coarse-to-fine design methodology was utilized in which high level strategies
and ideas were examined before completing any detailed design. This led to an efficient process
where problems were more likely to be detected earlier on and design decisions were based on a
concrete set of design requirements.
L Functional Requirements:
Table 1 shows the functional requirements that the proposed device should adhere to, as well as a
brief explanation of each.
Table 1: Functional Requirements for the device in this project.
Short Name Description
Reduce Over-Puncture Reduces forward acceleration of device tip at point of puncture
(Primary F.R.) to increase safety of trocar insertion procedure.
Reduced Risk to The risk to the patient from using the device during surgery is
Patient less than the risk from using the current best practice.
Ease of Use Easy for surgeons and OR nurses to setup and operate, and
easily integrated into OR environment and procedures.
Reliability Device operates as it is designed to operate.
Repeatability Each individual device behaves in the same manner during
each use.
Biocompatibility Device follows FDA guidelines for biocompatibility.
Device is cost-effective for hospitals, purchasing organizations,
Cost Appropriate and medical insurance companies, and the manufacturer.Device price point is appropriate for either single-use or
reusability, depending on intended use.
Reusability If the device is designed to be reusable, it is compatible with
common sterilization techniques.
Safe Failure Mode If device fails, it does not cause any more risk to the patient
than the current gold standard.
I. Strategies:
Several high-level strategies were considered to address the primary functional requirement of
reducing over-puncture. The first was redesigning the geometry and material of the trocar tip to
reduce insertion force. This would lead to a lower net force in the direction of the patient at
point of puncture and would reduce the resulting forward acceleration. Although doing so would
work to alleviate the problem of over-puncture, one concern with this strategy would be that a tip
design that is more effective at cutting and penetrating might be less safe for the patient or
surgeon in the case of inadvertent stabbing or slicing injuries. In addition, in situations when a
patient's unique anatomy might cause an insertion force on the order of what current trocar
designs require, a trocar with greater penetrating effectiveness might have disastrous effects on
underlying abdominal organs and major vessels.
The second strategy considered was dynamic blade retraction to cover the trocar tip as soon as it
punctured the peritoneum. As opposed to currently available dynamic bladed trocars that
employ a moving blade cover that must accelerate and catch up to the blade, this strategy
involves causing the trocar tip itself to accelerate backwards into a protected recess. This
backwards acceleration would counter the forwards acceleration caused by force imbalance at
point of puncture and lead to reduced over-puncture as well as tip protection when the device is
not in use. Challenges to this strategy include ensuring repeatability and reliability of the
retraction mechanism as well as minimizing part count to remain price appropriate.
The third and final strategy involved using thermal or mechanical energy to decrease insertion
force by inducing burning, cavitation, coagulation, or other forms of tissue destruction at the
device tip. This strategy would attempt to apply a currently understood "energy method" of
cutting in medical devices to a laparoscopic trocar. Although this strategy would greatly reduce
the insertion force, the potential for extensive tissue damage and painful recovery would be
significant. In addition, the cost of such devices and associated capital equipment would likely
be prohibitive.
After reconsidering the functional requirements, prior art, and the advantages and disadvantages
of each strategy, the strategy of dynamic blade retraction was chosen. Secondary focus was
given to device tip redesign to minimize insertion force since the blade would be protected when
not in use.
IH. Concepts:
After deciding on the strategy to pursue, specific concepts were developed and considered. In
order to fulfill the goals of the chosen strategy, the tip of the device should travel through a
desired set of configurations. Although not critical to device function, when not in use or in its
packaging, the device tip would preferably be in the guarded configuration in order to protect its
cutting integrity as well as prevent accidental injury. When penetrating through the peritoneum
and surrounding tissue layers, the device tip should be fully exposed to maximize cutting ability
and reduce insertion force. However, at point of puncture when the most distal point on the
device tips pierces the most inferior layer of tissue, the device tip should return as quickly as
possible to its guarded configuration.
From this desired motion, it is evident that the critical function of any concept to be considered is
its ability to switch from exposed tip to guarded tip at point of puncture. In order to accomplish
this, the device must be able to recognize point of puncture by detecting a signal associated with
device tip puncture. Possible signals to detect include loss of force applied to the device tip in
the axial direction away from the patient, visual view of the device tip exposed through the most
inferior tissue layer, changes in tissue tension, and forward acceleration of the device. Loss of
force at the device tip is the most direct indicator of tissue puncture and the most reliable
indicator of when forward acceleration of the device tip will occur. In addition, it can be
detected by purely mechanical and likely more cost-appropriate means. As a result, loss of
opposing force at the device tip was chosen as the triggering signal for tip retraction.
Several mechanisms were considered to retract the device tip in response to a loss of force
applied to the tip. The challenge in designing such a mechanism results from the direction in
which the various forces are applied. In order for the device tip to retract and counter forward
acceleration due to over-puncture, it has to move backwards into its guard element. The resistive
force applied to the device tip by tissue tension during puncture acts in the direction of the
motion the tip travels during retraction. However, when this resistive force acts on the blade tip,
the tip should remain static in order to continue penetrating tissue. It is only right after this
resistive force disappears that the tip should move in the direction of retraction, which requires a
net force on the tip that points in that direction. Before point of puncture, the mechanism must
apply a net force on the tip which points towards the patient and is equal in magnitude to the
resistive force applied by the tissue, despite the fact that this resistive force changes in magnitude
as different tissue layers are punctured, in order to keep the tip static with respect to the device.
At and following point of puncture, the mechanism must apply a net force on the tip that points
away from the patient in order to accelerate the tip away from the patient into its guard.
The chosen concept utilizes static friction and a high normal force created by a knuckle linkage
to balance the force applied to the trocar tip during penetration and a mechanical spring to
deliver the retracting force at point of puncture. This is achieved through a biased two-force
input "double-knuckle linkage" that converts axial force applied to the trocar tip into "normal
force" that acts perpendicular to the axial direction. The mechanism is composed of four links
that are joined to other components and to each other by pin joints. Figure 7 shows a simple
schematic of this mechanism along with labeled points FC 1 and FC2 for reference.
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Figure 7: Simple mechanism schematic.
When a force, Ft, is applied to the trocar tip end of the mechanism in the positive y (axial)
direction, this force is transferred through the two-force members L1 and L2 to the friction
... . ...........  -........ - --_ - - - ---- .............................................. .
contact points FCI and FC2. Since LI and L2 are positioned relatively close to parallel to the x
(normal to axial) direction, they will apply a force, FL, at FC 1 and FC2 in primarily the x
direction. The x component of force, FLx, will generate static friction between the friction
contact points and the wall. The much smaller component of force acting in the y direction, FLy,
will act to push the contact points upwards in the positive y direction. Figure 8a shows the trocar
end of the mechanism and two-force members LI and L2 under this load with corresponding
force components.
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Figure 8a: Tip end of mechanism under loadfrom trocar tip. Note that two-force members Li and L2
apply force at the device wall in primarily the x (normal) direction.
When force, Fs, is applied to the upper end of the mechanism in the positive y (axial) direction
by a tensioned spring, this force is transferred through the two force members U1 and U2 to the
friction contact points FCl and FC2. Since Ul and U2 are positioned relatively close to parallel
to the y (axial) direction, they will apply force, Fu, at FC 1 and FC2 in primarily the y direction.
The y component of force, Fux, will act to pull the contact points upwards in the positive y
direction. The much smaller component of force acting in the x direction, Fuy, will act to pull the
contact points away from the wall, reducing static friction. Figure 8b shows the upper end of the
mechanism and two-force members Ul and U2 under this load with corresponding force
components.
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Figure 8b: Upper end of mechanism under loadfrom spring. Note that two-force members U] and U2
apply force at the device wall in primarily they (axial) direction.
Prior to use, the user presses a plunger coupled to the upper end of the mechanism, displacing the
mechanism in the negative y direction, exposing the trocar tip from within its guard and
tensioning the spring at the top of the mechanism. With the plunger still depressed, the user
presses the tip of the trocar to tissue, causing force to be applied to the tip end of the mechanism
in the positive y direction and generating static friction at the friction contact points. The user
then releases the plunger. From plunger release until point of puncture, the mechanism
experiences forces in the positive y direction at both the tip end and upper end. Due to the bias
of the mechanism links, the force applied to the trocar tip generates a significant amount of static
friction that is great enough to prevent these two forces from retracting the trocar tip.
When the force on the trocar tip goes to zero at point of puncture, the static friction force is also
eliminated and a tensioned spring, which prior to point of puncture was too weak to overcome
the static friction force, is now able to retract the trocar tip into its guard. A hard stop in the
mechanism prevents the linkage from collapsing inwards rather than retracting the trocar tip.
Figure 9 shows the sequence of mechanism configurations during penetration of the abdominal
. ..... ........... . -- -.. ........... - . ... . .... --. ......... . .......  .. ..... --", .. . . . ........ ........
wall. Forces applied to the plunger and wall (force on the wall is transferred through the device
casing) applied by the user are shown in blue.
Figure 9: Mechanism tissue penetration sequence. From left to right: plunger depressed and blade
exposed, device tip pressed against tissue engages friction lock, plunger released and device driven
through tissue, device tip penetrates tissue andfriction lock disengages, device tip retracts.
A proof of concept model for this mechanism was built and is shown in figure 10.
Figure 10: Proof of concept model of mechanism.
.. ....... .. . ............. .................. .  ....
This model proved that the mechanism would behave as intended on a conceptual level and
indicated the need for extensive force and geometrical analysis.
Mechanism Analysis:
In order to further optimize the design of the mechanism, an analytical model was developed.
Figure 11 shows the various geometrical parameters of the mechanism.
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Figure 11: Mechanism geometric parameters.
In order to calculate the various components of the force exerted by the two-force members, the
angles 01 and 02 must be known. These are calculated using the dimensions of the mechanism as
c _ w - s10,= COS 
-( 2 , '
02 =cs1 ws2 (2)
Where w is the horizontal distance between the two walls of the device body, si is half of the
horizontal distance between the linkage pin joints at the upper end of the mechanism, S2 is half of
the horizontal distance between the linkage pin joints at the tip end of the mechanism, i1 is the
length of the two upper two-force members, and '2 is the length of the two lower two-force
members.
As previously described, during use and prior to point of puncture, the mechanism experiences
two forces in the positive y direction; Fs is applied to the upper end of the mechanism by the
spring, and Ft is applied to the tip-end of the mechanism by the trocar tip. Fux is the normal (x)
component of the force applied to the wall by the upper two-force members due to the spring
force. FLx is the normal (x) component of the force applied to the wall by the lower two-force
members due to the force applied to the trocar tip.
A net normal force, EFN, is applied to each wall by the mechanism, pointing away from the
center of the mechanism. The magnitude of EFN is given as
F F
ZFN = F - Fu,= (3)2tanO2 2tan,
This normal force generates a static friction force acting in the negative y direction at each wall,
the magnitude of which is given by
Ff = () F F
2 tan02 tan 1)
Where ps, is the coefficient of static friction between the mechanism and the wall. Figure 12
shows a schematic of the mechanism in this configuration with relevant forces labeled.
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Figure 12: Mechanism under load from trocar tip and resultant forces.
The total static friction force acting in the negative y direction is given as
tan 02 tan 0,
In the configuration shown in figure 12, the mechanism is in static equilibrium when the net
force acting in the y direction is zero, given as
(5)
(6)
This condition can also be expressed as
F, > F + F
P, 't Fs > F + F (7)
tan62 tan 01
As long as this condition is met, the mechanism behaves as intended prior to point of puncture.
At point of puncture, Ft goes to zero, causing the net normal force acting on the wall, EFN, to
point inwards. As a result, the static friction force becomes zero and the net force on the
mechanism in the y direction is simply F,, and the mechanism accelerates in the positive y
direction and pulls the trocar tip in the same direction into its guard.
Alpha Prototype Design:
Following mechanism analysis, an alpha prototype was designed using SolidWorks CAD
software. Figure 13a shows a model of the device with one half of the outer casing removed.
Figure 13a: Alpha prototype first design iteration with half ofouter casing removed
Figure 13b shows an exploded view bill of materials drawing of the alpha prototype iteration
shown in figure 13a with one half of the casing removed.
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Figure 13b: Exploded view bill of materials drawing of alpha prototypefirst design iteration with half of
outer casing removed
This design has 20 parts and employs a standard, off the shelf symmetrical scalpel blade as the
trocar tip in order to minimize insertion force and reduce over-puncture. The blade is coupled to
the mechanism with a transmission shaft that travels in bearing surfaces molded into the device
casing. The casing is a two-part clamshell design comprised of two identical parts. In this
prototype, the casing is glued or taped together, whereas in the final design the two sections
would likely be joined with ultrasonic welding methods. For the alpha prototype, the casing was
fabricated using rapid prototyping methods. It would be injection molded out of medical-grade
plastic when made in production volumes.
The casing is designed to match current industry standards for trocars. The penetrating end of
the trocar has an outer diameter of 0.5 inches, which is a commonly-used trocar dimension in the
U.S. The casing ends in a blunt-tipped blade guard into which the blade retracts at point of
puncture. Some consideration has been made to ergonomics in terms of handle size and plunger
position; however, comfort for the user will be an area of focus in future iterations. Figure 14
shows the complete casing from two views with the blade and plunger also shown.
Figure 14: Device casing (blue) with plunger (red) and with blade (grey) exposed
The mechanism is made of plastic links that can be injection molded or machined. Again, these
links were made with rapid prototyping processes for this prototype. The links are joined
together with off the shelf steel dowel pins. The links and pins are significantly over-sized for
the order of magnitude of force transferred through the mechanism. In order to choose the
values of 01 and 02, a range of values was iterated through (5) using appropriate values for p, and
Ft and over a range of values for F, that represented readily available springs. Values for 01 and
02 were chosen to ensure that condition (6) would be met with consistency. Finally, a standard
compression spring provides retraction force to the mechanism. This spring was sized by finding
the desired mechanism travel according to the geometry of the chosen blade. Appropriate values
for ps and Ft and the chosen values of 01 and 02 were inserted into (5) to determine Ff, and a
maximum spring force was chosen to ensure that condition (6) would be met. With these values
of force and displacement, a spring was chosen with an appropriate spring constant and force at
maximum displacement. Figure 15 shows the upper section of the trocar with half of the casing
removed, including the mechanism, plunger, and spring.
Figure 15: Upper end of alpha prototype first iteration showing mechanism (white, yellow, green), spring
(turquoise), plunger (red), connecting rods (orange), and device casing (blue).
Design Refinement: Flexure
Following the initial prototype design, it was noted that the mechanism experiences very small
angular deflections at its joints. If the mechanism is replaced by a flexure in which the pin joints
are replaced with flexural elements, the part count of the device is reduced from 20 to 8, or by
60%, and it is much simpler to assemble. As a result, a flexural mechanism was designed and
incorporated into the design.
The flexure is monolithic and uses comer-filleted flexural hinge elements to replace the pin
joints in the original mechanism design. Figure 16 shows an outline of the flexure.
Figure 16: Top view ofmonolithicflexure mechanism.
The flexure fits into the design of the alpha prototype in place of the pinned mechanism and
deforms in the same fashion. Figure 17 shows both the original mechanism as well as the flexure
in place within the device casing.
Figure 17: Alpha prototype first (left) and second (right) iterations, showing, respectively, linkage
mechanism andflexure mechanism exposed
Although this design change carries the advantages described above, one potential liability is that
the flexure has an internal stiffness that opposes angular deflections at the hinge points. As a
result, for a given input force at the trocar tip, the static friction force at the wall would be lower
since some of the tip force would be absorbed by the stiffness of the flexure. In order to be able
to generate a high enough friction force to prevent retraction, 02 would have to be further
reduced in order to increase the normal component of force generating friction. The closer this
angle is to zero degrees, the easier it is for the tip end of the mechanism to reach a singularity
and invert when force is applied to the trocar tip.
In order to solve this potential problem, the principle of reciprocity is employed in which an
undesirable force or effect is reversed or repositioned to achieve a desirable purpose. In this
case, the flexure is slightly oversized such that it must be very slightly compressed in the
horizontal (x) direction in order to fit between the walls of the device. This creates an initial
residual force pointing normal to the wall that generates static friction even when no force is
applied to the mechanism in the axial (y) direction. As a result, less force needs to be applied to
the trocar tip in order to generate enough static friction to prevent tip retraction since there is
additional residual friction caused by the flexure's internal stiffness. As such, equation 5
acquires a new term and is expressed as
FF
Fn +2FNr (8)
tant2 tan01
Where FNr is the residual normal force applied to the wall due to the stiffness of the flexure. In
addition, as long as this residual friction force is less than the spring force, the spring is still able
to retract the blade at point of puncture.
In order to determine the magnitude of FNr and validate manufacturing methods, the stiffness of
the flexure is evaluated. Figure 18 shows the geometry and relevant dimensional parameters for
a corner-filleted flexure hinge.
Figure 18: Corner-filletedflexure hinge and relevant geometric parameters, including leg length 1, fillet
radius r, in-plane thickness t, and out-ofplane thickness b.
The in-plane bending stiffness for one comer-filleted flexure hinge is given as [24]
KO (Ebt I + (9)
6r(2r +t2(4r+ t) 1 arctan + 4
12 l+2r t(4r+t)(6r2 +4rt+ t2)+ (2r+tX4r+ t) 3
In order to find the sensitivity of (9) to each geometric parameter, the absolute value of the
partial derivative of K0 with respect to each parameter is evaluated. The results are plotted
together over a range that reflects the nominal parameter values as well as a positive and
negative estimated manufacturing tolerance. At any difference from the nominal parameter
values, the stiffness of the flexure hinge result is most sensitive to the parameter whose partial
derivative is greatest. Figure 19 shows the partial derivatives of the stiffness Ko with respect to
each of the geometric parameters defined in figure 18 and appearing in (9) over a range that
reflects the nominal dimensions of one of the flexure hinges included in the monolithic flexure
mechanism shown in figure 16 and an estimated manufacturing tolerance of +0.005".
Associated MATLAB and Maple code is shown in Appendix A.
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Figure 19: Partial derivative offlexure hinge stiffness Ko with respect to leg length I (green diamonds),
fillet radius r (pink squares), in-plane thickness t (blue circles), and out-of-plane thickness b (red
asterisks) over estimated manufacturing tolerance range.
Over the range displayed in figure 19 including the chosen nominal dimensions, the angular
stiffness of a corner-filleted flexure hinge is most sensitive to the in-plane thickness t. This fact
will be critical in choosing and validating a manufacturing method for the flexure.
In order to find the linear axial (y direction) stiffness of the entire flexure, the static form of
Lagrange's equation is employed. The full form of Lagrange's equation, using deflection in the
y direction as a generalized coordinate, is given as
d oT oT JV
- - -- +--=F
d& 9 I
(10)
Where T is the kinetic energy of the system, V is the potential energy of the system, Fy is the
generalized force applied to the system, t is time, and y is deflection of the flexure in the y
direction. Applying this equation to the static case, all kinetic energy terms go to zero and the
equation reduces to
= F0W - (11)
The potential energy in the flexure is the combined potential energy of the six flexural hinges.
Since the flexure is loaded along its axis of symmetry, these hinges can be treated as three pairs
of hinges that are loaded and deform identically. Figure 20 shows half of the mechanism with
relevant angles and dimensions labeled.
Figure 20: Schematic of right half of mechanism and relevant geometric parameters. When mechanism
is in unloaded state, h-y=h.
Using the law of cosines, the angles of the three flexure hinges for every value of deflection y are
given as
o arctan ( v + arccosrS1 -s2
9B := arccos[
+ (h -)2 + (s -s2)2
2-/I- (h -V)2 + (S1 -s)2
+ 
- (h -v) 2 + (s ) - s2)2)
2 1I2
sc -y s/+ (h -) 2 + (s-s) 2 - J
0c := arctan h -2v + arecos P2+(
2-1,-j (h -y)I+{sI - s2)1
(12) - (14) were validated using the Solidworks@ sketch feature. The potential energy stored in
each hinge is given as
K,(A O, (15)
Where AOy is the angular displacement of the hinge from its original position due to a deflection
y. For this analysis, this is calculated as
(16)AO, = y .
The total potential energy stored in the flexure is given as
IV= 2- K (A,0 ).
2
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Which is reduced to
IV = K(A ,AY +K(AOyB) +K.(Ac) (1
ii (12)
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From equations 11 to 18, the linear stiffness of the flexure in the axial (y) direction is given as
SK,(A0,Y + K (AyB)+ K( (Ac) (19)
The final result is calculated using the Maple mathematical software package and is too complex
to make its display here useful (see Appendix B). Therefore, a graphical representation of the
result is employed. Figure 21 shows a theoretical axial stiffness plot for the flexure having
dimensions chosen for the second alpha prototype design iteration.
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Figure 21: Theoretical axial (y) load vs. displacement plot for flexure having dimensions chosen for
second alpha prototype iteration. Note linear stiffness.
Within the range of deformation relevant to this device, the flexure deforms in a linear fashion.
This analysis is repeated to find the linear stiffness of the flexure in the normal (x) direction.
With the displacement in the x direction as the generalized coordinate, the reduced static form of
Lagrange's equation is given as
................ .. 
XV
.= F (20)
The potential energy in the flexure is the combined potential energy of the six flexural hinges.
Since the flexure is loaded along its axis of symmetry, these hinges can be treated as three pairs
of hinges that are loaded and deform identically. Figure 22 shows half of the mechanism with
relevant angles and dimensions labeled.
Figure 22: Schematic of right half of mechanism and relevant geometric parameters. When mechanism
is in unloaded state, w-x=w.
Using the law of cosines, the angles of the three flexure hinges for every value of deflection x are
given as
94 := aresin
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The potential energy stored in each hinge is given as
V = K(AO, )2 (24
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Where AO, is the angular displacement of the hinge from its original position due to a deflection
x. For this analysis, this is calculated as
AOx =x. (25
The total potential energy stored in the flexure is given as
KOA (A A)2
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Which is reduced to
LV = K(AOxA)2 + KB(AOxB) 2 +KO(A~xc 2
From equations 11 and 21 to 27, the linear stiffness of the flexure in the axial (y) direction is
given as
F O[KOA(A, 2 )+ KB(AOxB ) 2 +KO(Aoxc)
(22)
)
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Appendix C shows the full form of (28). Figure 23 shows a theoretical normal stiffhess plot for
the flexure having dimensions chosen for the second alpha prototype design iteration.
0 0.5 1 1.5 2 2.5 3
Compression (in)
3.5 4 4.5 5
X 104
Figure 23: Theoretical normal stiffness plot for flexure having dimensions chosen for second alpha
prototype iteration. Note non-linear stiffness.
For the dimensions chosen for the second alpha prototype design iteration, the flexure is
compressed by 0.00132 inches when the device is initially assembled. From the final result to
equation 28, this results in a residual normal force of 3.891 lbf.
Flexure Manufacturing:
Several fabrication techniques including CNC milling, water-jetting, laser cutting, and wire
EDM were investigated as possibilities for constructing the prototype flexure. The greatest
challenge in manufacturing the flexure repeatably is its small size. Specifically, the flexural
hinges contain sections that are 0.0100 inches thick in plane. This thickness must be constant
over a depth of 0.375 inches. This value for out-of-plane thickness was initially chosen to be
large in order to restrict the flexure to planar deflection. Due to the very low minimum feature
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size to required depth ratio, 0.0267, the flexure could not be manufactured in one piece using
CNC machining since the tools required to cut the small features of the flexure would be too
small to cut to a depth of 0.375 inches in one pass. Even if multiple tool passes were employed,
a cutting tool should not extend further than several diameters from its collet and in this case the
tool would be cutting at more than 35 diameters from the collet. As a result, the tool would
likely break or bend enough to cause significant tolerance errors or damage the part.
Laser cutting was examined as another option, however it was quickly abandoned since laser-
cutting metal is difficult due to high thermal conductivity and the potential danger of reflecting
the laser beam. In addition, the thin webs of this flexure would likely vaporize during cutting.
Wire EDM was also proposed as a manufacturing technique. This cutting process involves
passing large electrical currents between a wire and the part, vaporizing the material immediately
adjacent to the wire. This process produces high quality parts with high precision and excellent
surface finish, however it is relatively expensive. As a result, it was reserved as an alternate
manufacturing method if none other could be found.
Finally, water-jet cutting was considered as a fabrication method. Water-jetting is a planar
cutting process during which water mixed with abrasive is forced out of a nozzle at extremely
high pressures. The nozzle is positioned directly above a sheet or plate of material and moves in
a plane on two linear actuators. In addition to being relatively fast, this process is appropriate for
this application since it is relatively inexpensive and capable of cutting large numbers of parts
from one sheet of material in one set-up. With help from Peter Liu and other scientists at
OMAX Corp., the flexure was manufactured using OMAX's novel Micro Abrasive Water Jetting
technology, currently in Beta testing, which is capable of machining features as small as 0.0005".
The challenge in applying this technology to the flexure arose from the relatively large out-of-
plane thickness of the flexure. Although the nozzle is designed to expel as straight a column of
water as possible, there is some spread in the fluid stream. As a result, the edges of parts cut
with water jetting are slightly tapered. Figure 24 illustrates this phenomenon.
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Figure 24: Illustration of water-jet taper effect.
For parts that are relatively thin, this effect is often negligible. However, this taper is noticeable
on thicker parts such as the flexure. The taper can be minimized by various methods, including
varying the parameters of the cutting process. In addition, water jet machines have been
developed whose nozzles are able to tilt in order to offset the taper. The flexure was not able to
be made with these types of machines since the feature size is too small for the machine to adjust
its tilt while cutting.
In order to manufacture the flexure, OMAX made several runs while adjusting parameters to
improve surface finish and minimize taper. Figure 25 shows several of the flexures from various
runs.
Figure 25: Four flexure samples.
In order to validate the manufacturing process, the flexures were examined with a Starrett Sigma
HB400 Optical Comparator. Figure 26 shows the optical system with a flexure being examined.
Figure 26: Flexure being inspected and measured with optical comparator.
For each flexure, the critical dimension as shown in figure 19, the in-plane thickness of each
flexure hinge, nominally 0.0100", was obtained by measuring the thickness of each hinge on the
top and bottom of the flexure and using these values to determine an effective thickness te. If the
cross section of each flexure hinge is assumed to be an isosceles trapezoid, the area moment of
inertia of that cross section is given as
I b -(a + c) -(a 2 + c2 ) (29)
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where I is the area moment of inertia of the cross section, b is the out-of-plane thickness of the
flexure hinge, and a and c are the lengths of the parallel sides of the trapezoid, also the in-plane
thickness of the flexure hinge measured at its front and back faces. If the flexure hinge cross
section is assumed to be a rectangle with a constant equivalent thickness te, the area moment of
inertia of that cross section is given as
I =b -t (30)
12
Equating the right sides of (29) and (30) and solving for the equivalent thickness gives
te =3 (a+c)-(a 2 +c 2 ) (31)
4
For the flexure samples obtained by OMAX, the measured value of the critical dimension on the
top or bottom surface of the flexure was 0.0100" (-0.0064, +0.0046). The maximum taper was
0.4412 degrees, corresponding to a decrease of 0.0029" over a depth of 0.375". The equivalent
thicknesses of the three hinges for each flexure were substituted into the theoretical model for
axial stiffness to obtain a theoretical stiffness for each flexure sample. Figure 27 shows all the
theoretical stiffnesses for the flexure samples. Appendix D shows associated MATLAB code.
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Figure 27: Theoretical stiffnesses offlexure samples and nominal theoretical flexure stiffness (red
circles).
There is significant variation between the various theoretical stiffnesses due to manufacturing
variations. In addition, note that the nominal theoretical stiffness curve is higher than any of the
theoretical curves for the flexure samples. This is likely due to the way in which the nozzle
follows the cutting path. When the machine is programmed, a tool offset is included that
corresponds to the radius of the nozzle. As a result, at the tip of the nozzle, the machine traces a
perfect outline of the part. However, due to the spread of the fluid column, the machine will cut
a wider path through material as it gets farther away from the nozzle. Since the nozzle moves
very close to the top surface of the part, the top surface of the part is cut to very accurate
dimensions. However, the bottom edge of the part, as shown in figure 24, will be slightly
recessed. As a result, the effective thickness of the flexure will be less than nominal, which
according to theory should lead to a reduction in stiffness of the flexure. As shown in figure 19,
this thickness is the most sensitive parameter, hence for production a different manufacturing
method will likely need to be investigated.
Flexure Testing:
Following measurement and theoretical evaluation of the flexure samples obtained from OMAX,
the axial stiffness of each flexure was measured. The flexures were tested with a Zwick Z5.0
Static Material Testing Machine. Each flexure was placed between parallel plates on the
machine and compressed to approximately twice the distance to plastic deformation. Figure 28
shows the measured stiffness of all six samples as compared with the nominal theoretical
stiffness.
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Figure 28: Measured stiffnesses offlexure samples and nominal theoretical flexure stiffness (red circles).
Following data collection, the measured stiffness was compared with the theoretical stiffness for
each flexure. Figures 29a - 29f show the theoretical and measured stiffnesses of all six samples,
with the nominal theoretical flexure stiffness included on each plot.
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Figure 29d: Sample 26
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Figures 29a - 29f. Measured and theoretical stiffnesses offlexure samples and nominal theoretical
flexure stiffness (red circles).
There are significant differences between the theoretical and measured stiffnesses for the sample
flexures. Possible reasons for this discrepancy include the taper of the flexure edges. Since the
flexures sat on a tapered edge in the testing machine, they were loaded slightly unevenly in the
out-of-plane direction. In addition, errors could have occurred during optical measurement of
the flexure dimensions. Finally, the flexures could have been damaged between fabrication and
testing.
Although the chosen fabrication method is capable of producing flexures that could be used in a
prototype device, significant work is necessary to further optimize the cutting process or a new
manufacturing process should be chosen for final iterations of the device.
Alpha Prototype Construction:
Two alpha prototypes were constructed to validate the detailed design of the device. The first
employed the original pin-jointed mechanism and the second featured the flexure-based
mechanism. Figure 30a shows the two completed alpha prototypes.
Figure 30a: Alpha prototypes ofpin-joint mechanism design (upper) andflexural mechanism design
(lower).
The device casing and blade advancement buttons for both models and the linkages in the pin-
joint prototype were fabricated using SLA rapid prototyping. One half of the casing was made
from translucent SLA resin to allow viewing of the mechanism. Standard steel dowel pins were
used to connect the pin-joint mechanism, and the connecting rods were manually machined from
aluminum stock. Figure 30b shows the assembled pin-joint mechanism in the device casing.
Figure 30b: Assembled pin-joint mechanism.
The blade is a standard off-the-shelf two-sided utility knife blade that is attached to the
connecting rod with cyano-acrylate adhesive. Figure 30c shows the blade attached to the
connecting rod in the device casing.
Figure 30c: Blade attached to connecting rod in device casing.
The connecting rods are also secured to the various device components with cyano-acrylate. In
order to allow easy adjustment of the mechanism, the two halves of the device casing are held
together with tape, whereas in a final iteration they would be glued or ultrasonically welded
together. Since there is no force acting against the device casing in the direction normal to the
joining plane, the tape is sufficient to hold the two halves together for these prototypes.
Alpha Prototype Observations and Proposed Design Modifications:
During assembly, an issue that was immediately recognized for both prototypes was interference
between the spring and the plunger rod bearing feature in the device casing when the two halves
of the casing were joined. The standard assembly procedure for these prototypes was to
assemble the mechanism, plunger rods, and blade in a horizontal configuration inside one half of
the device casing. Once these parts were assembled, the second half of the casing was lowered
onto the first. However, the spring's position prevented this final step. Figure 31 shows the
assembled mechanism in one half of the device casing, as well as a view of the spring preventing
the mating of the two casing halves. Note the spring's position covering the plunger rod bearing
feature.
Figure 31: Assembled mechanism in device casing (left) and interference between spring and bearing
feature (right).
In order to overcome this issue, sutures were fixed to the distal end of the spring and tensioned to
compress the spring to where it would not cover the bearing feature such that the second half of
the device casing could be lowered onto the first to complete the assembly process. Figure 32
shows this additional assembly step.
Figure 32: Additional assembly step in which spring is compressed to allow mating of device casing
halves.
The sutures were left in place so that the device could later be disassembled. This issue
highlighted the need for design for assembly in future iterations of the device. One potential
solution is to ensure that the bearing feature in the device casing resides entirely inside the
internal cavity of the casing. Figure 33 shows this feature on the original casing as well as how it
might be redesigned.
Figure 33: Bearing feature in original design (left) and modified for ease of assembly (right).
If this change is enacted, the spring's inner diameter should be reduced or a bushing should be
added to the plunger shaft so that the spring remains aligned with the shaft. Alternatively, a
spring seat cup feature could be incorporated into device casing. Of these options, the latter is
preferable since it does not raise the part count.
Once the pin-joint mechanism prototype was assembled, it was noted that when a sufficient force
was applied to the blade through the mechanism, the slop in the pin joints caused the mechanism
to pass its intended limit and become inverted. Figure 34 shows a schematic of the mechanism at
its intended limit and in an inverted position.
Figure 34: Mechanism at intended limit (left) and in inverted position (right).
Once the mechanism is inverted, the device cannot operate as intended. In order to solve this
issue in the prototype, a wooden hard stop was added to the mechanism and fixed with
cyanoacrylate glue. It was found that a hard stop feature length of 0.6" allowed for sufficient
mechanism travel to ensure locking against the mechanism walls without allowing the
mechanism to invert. Figure 35 shows this modification.
Figure 35: Mechanism with added hard stop.
In future design iterations, this feature could be included in the original part without increasing
the part count. Figure 36 shows a modified mechanism design to include this feature.
Figure 36: Proposed mechanism redesign including hard stop.
Once this modification had been made, the pin-joint mechanism prototype no longer reached an
inverted state.
Once built, the pin-joint mechanism prototype was tested to ensure proper functionality. When
the plunger was depressed and the force was applied to the blade by a hard surface, the
mechanism locked successfully such that the force on the plunger could be relaxed and the blade
remained exposed. When the force on the blade was removed, the blade retracted fully into the
tip of the device casing. However, when the prototype was tested on skin simulators, the blade
tip would sometimes penetrate the simulator and would remain exposed rather than being
retracted. This issue is due to the geometries of the tip of the device casing and the blade. When
exposed, the blade contacts tissue along its tip as well as its sides, which are also significantly
exposed. Figure 37 shows the blade in its exposed position.
Figure 37: Blade in exposed position.
When the tip of the blade penetrates tissue, force is still applied to the sides of the blade in the
axial direction, causing the mechanism to remain locked. When these parts were designed, their
specific forms were not analyzed past the device casing tip being blunt and the blade being
sharp, triangular, and available off-the-shelf. In future design iterations, the casing tip and blade
should be designed such that tissue cannot continue to apply force on the blade once its tip has
penetrated. If the blade angle is reduced, the sides of the blade will remain protected even when
the blade tip is exposed past the device casing tip.
When the flexural mechanism prototype was assembled, it was immediately apparent that many
issues existed with the flexure. First, since the flexure is oversized for the interior cavity of the
casing, it must be compressed in order to fit between the mechanism walls. In addition, the
device casing is designed to be two identical parts rather than male and female halves. As a
result, in order for the two halves of the casing to be joined, the flexure must be continuously
compressed. However, positioning the two halves of the casing opposite each other such that
they can be joined makes accessing and compressing the flexure nearly impossible. In addition,
the friction caused by the compressed flexure makes pressing the two halves of the casing
together very difficult. Finally, when the device is disassembled, the residual friction between
the flexure and the mechanism walls causes the flexure to stick to the wall and twist as the two
halves of the casing are separated. Figure 38 shows this effect as the device casing is separated.
Figure 38: Flexure twisting as device casing is separated.
As the flexure twists, it compresses in the normal direction past its yield strength and is
damaged. In future designs, the mechanism walls should both be integrated into one of the
halves of the device casing so that the device can be easily assembled and disassembled. An
economic analysis should be completed to determine whether it is cheaper to mold separate
female and male casing halves, or to mold two of the same part with the walls as separate parts to
be inserted into one half of the casing.
In addition to issues with assembly, the flexure was very fragile. It was noted that plastic
deformation occurred at axial deflections on the order of 0.05" and normal deflections on the
order of 0.01". These values are certainly on the same order as a potential stack-up of typical
manufacturing tolerances for water-jetting and rapid prototyping. In addition, the flexure
samples were frequently damaged during regular handling and machining steps. Dropped
flexures were often unusable, and drilling the holes for the blade and plunger rods resulted in
many destroyed samples.
The flexure was originally designed to be highly stiff out-of plane and to be compliant enough
in-plane to be sensitive to the relatively low forces applied to the blade tip. However, the design
employed in this prototype may be impractically fragile. In future iterations of the device,
redesign of the flexure should be considered in terms of both material and form factor, with
careful analysis of the elastic limit of the flexure. If material is reconsidered, several avenues
exist. A stiffer material such as titanium would be more resistant to high forces and damage
during handling, however the flexure might not be able to deform as much before yielding. This
strategy would continue the need for a highly accurate machining process. As opposed to a
stiffer material, a more compliant material could be chosen for the flexure. Such a material
would allow the flexure to deform a significant amount without yielding, and would behave very
similarly to the pin-joint mechanism in that the flexure hinges would contain minimal stiffness
and would behave more like true hinges. This strategy would employ existing cost-effective
manufacturing techniques including injection molding and living hinge stamping. A third option
is super-elastic materials such as nitinol. These materials would offer the resistance to high
forces and durability of stiffer materials as well as the ability to deform significantly without
yielding of more compliant materials. However, their high cost and difficult handling and
machining procedures would likely make them impractical for this application.
If form factor is examined, a possible strategy is to reduce the localization of deformation within
the flexure. If more of the flexure is able to deform rather than only deforming at discrete
flexure hinge elements, the flexure will be capable of experiencing more deflection before
yielding. A hard stop rather than geometric constraint could be employed to prevent yielding. A
conceptual flexure design allowing for more generalized deformation is shown in figure 39.
Figure 39: Conceptualflexure mechanism design allowing for generalized deflection.
Future Work:
In order to develop this device to the level of a product that can be sold to hospitals in high
volume, several areas must be further addressed. First, the flexure must be designed for
manufacture with potential design modifications incorporated, and a reliable and repeatable
fabrication process must be chosen. A likely choice would be to fabricate the flexures out of
plastic with integrated living hinges, employing injection molding as a manufacturing technique.
Flexural analysis would have to be conducted on the plastic flexure and redesign would be
necessary due to the much lower stiffness and strength of plastic. Also, the injection molding
process would have to be optimized and validated for the flexure.
Since the blade was chosen from off-the-shelf components, no in-depth analysis on the cutting
angle and efficiency was conducted. With the mechanism as the primary focus of the project, a
pointed tip sharp flat blade was chosen to require relatively low insertion force. In future
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iterations, some consideration should be given to blade design in order to achieve the lowest
cutting force in the safest manner and to ensure that the blade retracts successfully when its tip
penetrates tissue. Aesthetics and ergonomics should also be addressed during future
development. The size and shape of the handle as well as the location of the button must be
correctly determined according to available human factors data.
In order for this device to successfully penetrate the marketplace, doctors need to be educated on
the benefits of the device and its ability to decrease over-puncture. Currently, most doctors view
a blunt trocar as undeniably safer than a bladed trocar because they are not aware of the
theoretical principles governing puncture-access. Physicians should be aware that the higher the
insertion force of the device, the greater the risk of over-puncture.
Finally, the device should be further tested in an animal model. This will validate the device's
safety in preparation for clinical trials.
Other Applications of Mechanism:
Although the retraction mechanism was developed specifically for a trocar, it has applications in
several other areas as well. Other puncture-access devices could employ a similar mechanism to
prevent over-puncture, including veress needles, venous access needles for catheter placement,
epidural or spinal tap needles, and lung puncture devices to correct collapsed lungs. These
devices are all significantly smaller and cheaper than trocars, so the mechanism would have to be
properly scaled down and fabricated in a cost-effective manner in order to be feasible for
application.
The phenomenon of over-puncture appears in areas outside medicine as well. Sometimes, a hole
must be drilled through a wall or vehicle body when there is a pipe, electrical conduit, gas tank,
or other fragile or dangerous object hidden behind it. A power drill could employ a similar
mechanism in order to drill only through the wall and no further. In similar fashion, a table-top
drill press could be made to prevent the user from drilling through a part and into the drilling
table or chuck. In these applications, a pin-joint mechanism would likely be used rather than a
flexural mechanism for durability and ease of repair. Much larger drilling applications including
rock and soil drilling and even oil drilling could utilize this mechanism to prevent drilling too far
and causing damage.
Finally, one critical ability of the mechanism is to transfer a large displacement and small force
into a small displacement and large force, applied normal to the original force and displacement.
Climbing anchor point cams, which are devices placed in crevices when ascending a rock face
with no top-rope, currently employ this concept. The force of the weight of the climber hanging
on the rope would be transferred into immense force outwards, jamming the anchor point into the
crevice and preventing slippage. However, current cam designs include many parts. The
proposed mechanism could be employed in a lower part-count flexure-based cam design.
Conclusions:
The problem of over-puncture during blind trans-membrane access procedures is insufficiently
understood within the medical community as well as the industry that supplies devices used in
such procedures, as evidenced by currently available devices and physician techniques. Over-
puncture is caused by a forward acceleration of the device tip at point of puncture. This effect
can be alleviated by reducing the required insertion force or by actively opposing the forward
acceleration.
The proposed device accomplishes the latter with a novel mechanism, reducing risk to the patient
during blind access procedures. Geometry-driven force analysis of the mechanism was
successfully conducted and enabled dimensioning of various mechanism components. A
prototype has been built that demonstrates the concept functions as intended. A flexure-based
design iteration of the mechanism reduces part count and cost. A sensitivity analysis of the
flexure identified the most critical geometrical parameter as the in-plane thickness of the flexure
hinges. Measurement of this parameter on manufacturing samples revealed significant variation
which correlated with significant discrepancies between theoretical and measured stiffnesses of
the samples found during testing.
Through this study, the functional requirements established at the start of the design process have
been satisfied or their ability to be met demonstrated. Areas for future work have been identified
as design refinement of the flexure to allow greater variation of the critical parameter, as well as
investigation of alternate manufacturing methods. Viable solutions are proposed to overcome
current issues and lead to a functioning, market-relevant device. In addition, this concept is
potentially applicable in a variety of other fields that require blind puncture access. These design
opportunities should be explored to improve results in these areas as well. With theory-driven
improvements in devices as well as more aware engineers and end-users, it is possible to make
fundamental changes in the safety and efficacy of blind-access procedures.
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Appendix A: Sensitivity Analysis of Flexure Hinge Stiffness
Maple code to determine partial derivatives:
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MATLAB Code to plot results:
%Vary over normal range of +- 0.005" from nominal
E 0=10000000;
b 0=0.375;
t 0=0.0100;
r 0=0.0200;
1 0=0.0110;
%b ------
E=10000000;
t=0 .0100;
r=0 .0200;
1=0.0110;
21]
theory = zeros (10,2);
for n=1:1:11
x= (n-6) *0.001;
b=b 0+x;
J b = E * (t ^ 3) / ((12 * 1) + 0.24e2 * r
2 + 4 * r * t + t ^ 2)) + 0.6el * r * (2 * r +
(-0.5el / 0.2el)) * sqrt(atan((1 + 4 * r / t)))
theory (n, 1) =x;
theory(n,2)=abs(J b);
n=n+1;
* ((t * (4 * r + t) * (6 * r ^
t) * sqrt(t) * ((4 * r + t) A
end
plot(theory(:,1),theory(:,2),'r')
hold on
%t -
E=10000000;
b=0.375;
r=0 .0200;
1=0.0110;
theory = zeros (10,2);
for n=1:1:11
x=(n-6)*0.001;
t=t0+x;
J t = 0.3el * E * b * (t A 2) / ((12 * 1)
t) * (6 * r A 2 + 4 * r * t + t A 2)) + 0.6el
((4 * r + t) A (-0.5el / 0.2el)) * sqrt(atan(
24e2 * r *
* (2 * r +
4 * r / t)
* b * (t A 3) * r * (((4 * r + t) * (6 * r A 2 + 4 * r * t +
(6 * r A 2 + 4 * r * t + t A 2)) + (t * (4 * r + t) * (4 * r
0.6el * r * sqrt(t) * ((4 * r + t) A (-0.5el / 0.2el)) * sqrt
/ t))) + 0.3el * r * (2 * r + t) * (t A (-0.lel / 0.2el)) *
0.5el / 0.2el)) * sqrt(atan((1 + 4 * r / t))) - 0.15e2 * r *
sqrt(t) * ((4 * r + t) A (-0.7el / 0.2el)) * sqrt(atan((1 + 4
0.12e2 * (r A 2) * (2 * r + t) * (t ^ (-0.3el / 0.2el)) * ((4
0.5el / 0.2el)) * atan((1 + 4 * r / t)) A (-0.lel / 0.2el) /
A 2)) / ((12 * 1) + 0.24e2 * r * ((t * (4 * r + t) * (6 * r A
t A 2)) + 0.6el * r * (2 * r + t) * sqrt(t) * ((4 * r + t) A
0.2el)) * sqrt(atan((1 + 4 * r / t))))) A 2;
theory (n, 1)=x;
theory(n,2)=abs(J t);
n=n+1;
end
plot(theory(:,1),theory(:,2),'b')
((t * (4 * r +
t) * sqrt(t) *
)))- 0.24e2 * E
t A 2)) + (t *
+ 2 * t)) +
(atan((1 + 4 * r
(4 * r + t) A
(2 * r + t) *
* r / t))) -
* r + t) ^
((1 + 4 * r / t)
2 + 4 * r* t +
(-0.5el /
E=10000000;
b=0.375;
t=0.0100;
r=0.0200;
theory = zeros(10,2);
for n=1:1:11
x= (n-6) *0.001;
1=1 0+x;
J 1 = -0.12e2 * E * b * (t ^ 3) / ((12 * 1) + 0.24e2 * r * ((t * (4 * r +
t) * (6 * r A 2 + 4 * r * t + t A 2)) + 0.6el * r * (2 * r + t) * sqrt(t) *
((4 * r + t) ^ (-0.5el / 0.2el)) * sqrt(atan((1 + 4 * r / t))))) ^ 2;
theory(n,1)=x;
theory(n,2)=abs(J_1);
n=n+l;
end
plot(theory(:,1),theory(:,2),'g')
%r -
E=10000000;
b=0.375;
t=0.0100;
1=0.0110;
theory = zeros(10,2);
for n=1:1:11
x=(n-6) *0.001;
r=r 0+x;
J r = -E * b * (t ^ 3) * ((24 * t *
+ t ^ 2)) + 0.144e3 * r * (2 * r + t) *
0.2el)) * sqrt(atan((l + 4 * r / t))) +
* r * t + t A 2)) + (t * (4 * r + t) *
t) * sqrt(t) * ((4 * r + t) A (-0.5el /
+ 0.12e2 * r * sqrt(t) * ((4 * r + t) A
* r / t))) - 0.60e2 * r * (2 * r + t) *
0.2el)) * sqrt(atan((l + 4 * r / t))) +
0.lel / 0.2el)) * ((4 * r + t) A (-0.5e
(-0.lel / 0.2el) / ((1 + 4 * r / t) A 2
(4 * r + t) * (6 * r A 2 + 4 * r * t +
sqrt(t) *
2;
(4 * r + t) A (-0.5el / 0.2el))
(4 * r + t) * (6 * r A 2 + 4 * r * t
sqrt(t) * ((4 * r + t) A (-0.5el /
0.24e2 * r * ((4 *t * (6 * r A 2 + 4
(12 * r + 4 * t)) + 0.6el * (2 * r +
0.2el)) * sqrt(atan((l + 4 * r / t)))
(-0.5el / 0.2el)) * sqrt(atan((l + 4
sqrt(t) * ((4 * r + t) A (-0.7el /
0.12e2 * r * (2 * r + t) * (t ^
l / 0.2el)) * atan((1 + 4 *
))) / ((12 * 1) + 0.24e2 *
t ^ 2))
r / t))
r * ((t *
+ 0.6el * r * (2 * r + t) *
* sqrt(atan((l + 4 * r / t)))))
theory (n, 1) =x;
theory(n,2)=abs (J r);
n=n+1;
end
plot(theory(:,1),theory(:,2),'m')
axis([-0.005 0.005 0 8000]) %Set axis limits
set(gca,'XTick',-.005:0.001:0.005) %Set axis tick mark values
set(gca,'YTick',0:1000:8000)
xlabel('Difference from Nominal Parameter Value (inches)') %Set axis names
ylabel('Partial Derivative of Angular Stiffness (lbf)')
title('') %Set plot title
Appendix B: Full Form of Axial Flexure Stiffness
E : 10000000
b:= 0.375
tA := .0100
rA:.0200
lA .0110
10000000
0.375
0.0100
0.0200
0.0110
KA:=( (E-b-t ) +2rA(4r +t)(6 P+4rt + ) +6r (2r +t )
+ (2r +tA) (4r +t)
6.127450980 (6)
IB .0100
tB
0.0100
r .0200
0.0200 (3)
I, .0200
0.0200 (9)
K. := (E.b.t,3 ) 12 arctan 1
4 rB
+ (2r 3 +t.) ( 4 r3 +t.)
5.208333333 (10)
Ic := 0100
0.0100 (11)
rc .0200
0.0200 (12)
C =.0100
0.0100 (13)
Kc := (E-b-tc3 ) 12 Ic +2 rc tc(4 rc +tc)(6 rc +4 rctc +tc) +6 rc(2 rc + tc)2 tc (4 rc +tc) arctan(1
+ ) (2rc+tc) (4re+tc) 3
6.50000 )(14) (14)6.250000000
s 0.5375
s 0.125
11 0.994706
12 0.4696
0.4696
h 1.0
0B= arCcos( 4+
ID = artan -y
A ( s --
((h -Y) 2 +(s1
2 1112
s2)2)
x - arccos( -1.113013178 +1.070402658 (1.0
p+(h y) 2 +(s 1  s2) 2
+ arecos
2 -11- (h y )2 + {s s )2
-arctan( -2.424242424 + 2 .42 4 24 24 2 4 y) + arccos
+ arcos
0.5026610880 (0.939072116 + (1.0 -y) 2 )
1(1.0 -y) 2 +0.17015625
a0.4125
S1.0 -- y
AOA :=.y GA
2.424242424
1 + ( -2.424242424 + 2.424242424 y)2
0.5026610880 ( -2.0 +2y)
1 (1.0 -y) 2 +0.17015625
1.064735946 ( -0.5987596164 + (1.0 -y)2)
1(1.0 -y) 2 +0.17015625
0.2513305440 (0.939072116 + (1.0 -y)2) ( 2.0 +2y)
((1.0 -y) 2 +0.17015625)3
0.2526681694 (0.939072116 + (1.0
(1.0 y)2 + 0.17015625
y ( -2.140805316 + 2.140805316y)
1 - ( - 1.113013178 +1.070402658 (1.0
0.5375
0.125
0.994706 (17)
(18)
(19)
y) 2) (2)
S+ (h -Y)2+ (SI
2-12- (h -y)2+{s, -s2)2 J
(21)
P22)
(23)
y)2)2
c ' Y" 7 oc)
y) 2)2
(24)
oc := arctm
0.4125
(1.0 - y( 1 + 0.17015625
(1.0 - ) 
1.064735946 ( 2.0 +2y) 0.5323679730 ( 0.5987596164 + (1.0 y)2 ) ( -2.0 + 2y)
(10 -Y)2 +0.17015625 ((1.0 -y) +0.17015625)P
1 1.133662635 ( -0.5987596164 + (1.0 - v)2
( 1.0 - y) 2 +0.17015625
V := K~* -{MAY +~ Y { 2 +K: -{ic)
K 2.424242424 (26)KAy 1 + ( -2.424242424 + 2.424242424y) 2
0.5026610880 ( 2.0 + 2y) 0.2513305440 (0.939072116 + (1.0 -y) 2) (- 2.0 + 2 y)
(1.0 -y) 2 +0.17015625 ((1.0 y)2 +0.17015625)
1- 0.2526681694 (0.939072116 + (1.0 -y)2
(1.0 y)2 + 0.17015625
KBy ( 2.140805316 +2.140805316y) 2  2 +Kfy) 0.4125
1 -( 1.113013178 + 1.070402658 (1.0 --y) 2  (1.0 -y 1 + 017015625(1.0 Y2
1.064735946 (-2.0 +2 y) 0.5323679730 ( -0.5987596164 + (1.0 -y) 2) ( -2.0 +2y)
(1.0 -y 2 +0.17015625 ((1.0 y) 2 +0.17015625)P2
1.133662635 (-0.598759164 + (1.0-
(1.0 -y) +0.17015625
av
2 KAY -2.424242424
1 + ( 2.424242424 + 2A24242424y) 2
0.5026610880 ( 2.0 +2y)_ 0.2513305440 (0.939072116 + (1.0 -y)2) ( 2.0 +2y)
(1.0 -y) 2 +0.17015 6 25 ((1.0 -y2 +0.17015625)m
0.2526681694(0.939072116+ (1.0 -y) 2 32
(1.0 -y) +0.17015625
+ 2 Ky? 2.424242424
1+( 2-424242424 + 2.424242424y)
0.5026610880( 2.0 +2y) 0.2513305440 (0.939072116 + (1.0 -y) 2 ) ( 2.0 +2y)
1(1.0 -y)2 +0.17015625 ((1.0 -y) 2 +0.17015625) M
1 0.2526681694 (0.939072116 + (1.0 -y) 2)
(1.0 -y)2+ 0.17015625
2-424242424 ( 11.75390266 + 11.75390266y)
(1 + ( -2.424242424 + 2.424242424y)2)2
I0.526681694 (0.939072116 + (1.0 -y)2) 2
(1.0 -~ y2+017015625
1.005322176
1(1.0 -y) 2 +0.17015625
0.5026610880 ( -2.0 +2y) 2 + 0.3769958160 (0.939072116+ (1.0 -y) 2 ) ( -2.0 +2y)2
((1.0 -y)2+0.17015625) + (1.0 -y) 2 +0.17015625)2
0.5026610880 (0.939072116 + (1.0 y)2  + 0.5026610880 ( -2.0 + 2y)
( (1.0 -y) 2 +0.17015625)12 2 (1.0 -y) 2 +0.17015625
0.2513305440 (0.93907216 + (1.0 -y)2) ( -2.0 +2y)
( (1.0 -y)2 +0.17015625)312
0.5053363388 (0.939072116 + (1.0 -y) 2 ) ( 2.0 + 2y)
(1.0 -y) 2 +0.17015625
+0.2526681694 (0.939072116 + (1.0 -y)2)2( - 2 .0 +2y)
((1.0 -y)2 +0.17015625)2
0.2526681694 (0.939072116 + (1.0 - y)2) 2
(1.0 -y)2 +0.17015625 )
+ 2Ky ( -2.140805316 +2.140805316y)2
1 - ( - 1. 113013178 + 1-070402658 (1.0 -y)2)2
4.281610632KBy2 ( - 2 .140805316 + 2.140 8 0 5 316 y)
1 - ( -1.113013178 +1.070402658 (1.0 -y) 2 )2
y)2)2 Ka y2 ( -2.140805316 +2.140805316y) 3 ( 1.113013178 + 1.070402658 (1.0
(1 ( -1.113013178 + 1.070402658 (1.0
+ 2 Kcy 0.4125
(1.0 -y)2 1 + 0.17015625 )
(1.0 -y)2
1.064735946 ( 2.0 +2y)
(1.0 -y)2 +0.17015625
0.5323679730 ( -0.5987596164 + (1.0 y)2 ) ( -2.0 + 2 y)
((1.0 -y) 2 +0.17015625) m__
1.133662635 ( -0.5987596164 + (1.0 y)2)
(1.0 - y) 2 +0.17015625
0.4125
(1.0 -y)2 1 + 0.17015625)
(1.0 -y)2
1.064735946 ( -2.0 +2 y)
V1(1.0 -y) 2 +0.17015625
1
0.5323679730 ( -0.5987596164 + (1.0 - y) 2)
((1.0 -y)2+0.17015625)
1.133662635 ( -0.5987596164+ (1.0 -y) 2 )2
(1.0 -y) 2 +0.17015625
0.8250
(1.0 -y)3 1 + 0~17015625)
(1.0 -- y)2)
2.129471892
](1.0 -y)2+0.17015625
0.1403789062
(1.0 -y), 1 + 0.17015625 )2(1.0 -y) 2
1.064735946 ( -2.0 + 2y)2 +
((1.0 -y) 2 +0.17015625)
0.7985519595 ( -0.5987596164 + (1.0 -y
(1.0 -y)2 +0.17015625)
1.064735946 ( -0.5987596164 + (1.0 -y)2
((1.0 -y) 2 +0.17015625)3)2
1.133662635 ( -0.5987596164 + (1.0
(1.0 - y)2 +0.17015625
1.064735946 ( -2.0 + 2y)
(1.0 -y)2 +0.17015625
(-2.0 +2y)
i l
0.5323679730 ( -0.5987596164+ (1.0 -y) 2) ( -2.0 +2y)
( (1.0 -_y) 2 +0.17015625)
y)2)2)
+ 2 KcY
2
2.267325270 ( -0.5987596164 + (1.0 -y) 2 ) (-2.0 +2y)
(1.0 -y) 2 + 0.17015625
S1133662635 (-0.5987596164+ (1.0 -y) 2) (-2.0 +2y)
( (1.0 -y)2+ 0.17015625 )2
1.133662635 (-0.5987596164+ (1.0 -y) 2
(1.0 -y)2 +0.17015625 )
Appendix C: Full Form of Normal Flexure Stiffness
E:= 10000000
b 0.375
1A .0100
rA .0200
l4:= .0110
K:= (E-b-t,') 12 1+2. (4rA+tA)
+ 2 r + t) '(4 rA + t )
6
t= .0100
r .0200
'B :.0200
11
(6r+4rf +r +6r (2r+ )2t (4rA+l )
.127450980
0.0100
0.0200
0.0200
11
K. := { E-b-ta 12 1, + 2 r, t,{(4 r, + t,) ( & + M r,+ 6 r,(2 r + ,2t- 24 2rca
+ {r (2 r, +tB)~ 1(4 , + BM -
5.208333333
te := .0100
0.0100
rc := .0200
0.0200
lC := .0100
0.0100
(E-b)c(4 rc + tc) (6 c +4 rctc + ) +6 rc(2 rc+rc 2t5 (4 rc + tc) 2arctan(1
+ ±[Sij( 2 rc +tc) 1(4rc + tc)
6.50000(4
10000000
0.375
0.0100
0.0200
0.0110
(6)
(7)
(3)
(9P)
(1,)
(11)
(12)
(13)
6.250000000 (14)
s, 0.5375
0.125
0.994706
12 0.4696
arccos (w -x) -si
0.5375
0.125
0.994706
0.4696
+ arccos(
0.5875
(w x)-S2
2 x - arccos( -0.05026610880 + 1.005322176 x) - arccos( -0.9848807496 +2.129471891 x)
0, :- arcsmn(w X +x
arcsin( -0.05026610880 + 1.005322176 x) + - x2
.((W -x) -s2)
M~~ ==x1
ID -aci( (W ) S arcsin( -0.9848807496 + 2.129471891 x)
1 .005322176x
' - ( 0.05026610880 +1.005322176 x)2
( 1.005322176 +
I1 ( 0.05026610880 + 1.005322176 x)2
Oc=X. xI 8c)
2.129471891
11 ( 0.9848807496 + 2129471891 x) 2
2.129471891 x
I - ( -0-9848807496 +2.129471891 x) 2
V=K4 -(iA)2 +KB.(G)2+Kc'(e)
-19247291x- + 5.208333333 x'
1 (-0-05026610880 + 1.005322176 x)2 1
+ 2.129471891
- ( -0.9848807496 +2.129471891 x)2
1238569458 x
1 - 0.05026610880 + 1.005322176 x) 2
1.005322176
- 0.05026610880 + 1005322176 x)2
28.34156584 x2
1 - ( -0.9848807496 +2.129471891x) 2
6.1928472913? (0.1010672678 - 2.021345356x)
(1 - ( -0.05026610880 + 1.005322176 X)2)2
w :- 0.4625 + 0.125
(15)
(16)
(17)
(18)
0g)
(2.)
(21)
2)
k73)
(24)
05)
(2')
(27)
+ 10.41666667 x 1.005322176
S1I - ( -0.05026610880 + 1005322176 x)
2
+ 2.129471891
1 -( -0.98488074% + 2.129471891 x)2
+ 10.41666667i r 1.005322176
( 1 -( - 0.05026610880 + 1.005322176 x) 2
2.129471891 0.5026610880 (0.1010672678 - 2.021345356x)
+ 1- 0.98488074%+ 2.129471891 )2 ( ( ( -0.05026610880 + 1.005322176x) 2)
1.064735946 (4.194551744 - 9.069301070x) + 56.68313168x
(1 - ( -0.9848807496 + 2.129471891 x)2 )"2 1 -( -0.9848807496 + 2.129471891 x)
28.34156584 x (4.194551744 - 9.069301070 x)
(1 - ( -0.9848807496 +2.129471891 x)2)2
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Appendix D: Theoretical Stiffnesses of Flexure Samples
MATLAB Code:
%nominal values:
theory = zeros (10,2);
for n=1:1:11
y=(n-1) *0.005;
F = 0.1225490196e2 * y * (-0.2424242424el / (0.lel + (-0.2424242424el +
0.2424242424el * y) A 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) ^ 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) ^ 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.1el - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) ^ 2) ^ 2 / ((0.10el - y) ^ 2 + 0.17015625e0)) A (-0.lel / 0.2el)) A 2 +
0.1225490196e2 * y 2 * (-0.2424242424el / (0.lel + (-0.2424242424el +
0.2424242424el * y) ^ 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) ^ 2) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) ^ 2 / ((0.10el - y) A 2 + 0.17015625e0)) ^ (-0.lel / 0.2el)) *
(0.2424242424el / (0.lel + (-0.2424242424el + 0.2424242424el * y) A 2) ^ 2 *
(-0.1175390266e2 + 0.1175390266e2 * y) - (0.1005322176el * ((0.10el - y) ^ 2
+ 0.17015625e0) A (-0.lel / 0.2el) - 0.5026610880e0 * (-0.20el + 0.2el * y) A
2 * ((0.10el - y) ^ 2 + 0.17015625e0) ^ (-0.3el / 0.2el) + 0.3769958160e0 *
(0.939072116e0 + (0.10el - y) ^ 2) * ((0.10el - y) ^ 2 + 0.17015625e0) ^
0.5el / 0.2el) * (-0.20el + 0.2el * y) ^ 2 - 0.5026610880e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) ^ 2 + 0.17015625e0) ^ (-0.3el / 0.2el)) *
(0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el - y) ^ 2) A 2 / ((0.10el -
y) A 2 + 0.17015625e0)) A (-0.1el / 0.2el) + (0.5026610880e0 * (-0.20el +
0.2el * y) * ((0.10el - y) ^ 2 + 0
0.2513305440e0 * (0.939072116e0 +
0.17015625e0) A (-0.3el / 0.2el) *
0.2526681694e0 *
0.17015625e0)) A
(0.10el - y) A 2)
+ 0.2526681694e0
+ 0.17015625e0) A
(-0.2140805316el
0.1070402658el *
0.2140805316el +
0.1070402658el *
0.2140805316el +
0.1070402658el *
0.1070402658el *
- y) A 2 / (0.lel
0.20el + 0.2el *
0.5323679730e0 *
0.17015625e0) A
0.1133662635el *
+ 0.17015625e0))
/ (0.10el - y) A
(0.939072116e0 +
(-0.3el / 0.2el)
/ ((0.10el - y)
* (0.939072116e0
2 * (-0.20el +
+ 0.2140805316el
(0.10el - y) ^ 2
0.2140805316el *
(0.10el - y) A 2
0.2140805316el *
(0.10el - y) A 2
(0.10el - y) ^ 2
+ 0.17015625e0
.17015625e0) ^ (-0.lel / 0.2el) -
(0.10el - y) A 2) * ((0.10el - y) A 2 +
(-0.20el + 0.2el * y)) * (0.lel -
(0.10el - y) A 2) A 2 / ((0.10el - y) ^ 2 +
* (-0.5053363388e0 * (0.939072116e0 +
A 2 + 0.17015625e0) * (-0.20el + 0.2el * y)
+ (0.10el - y) ^ 2) A 2 / ((0.10el - y) A 2
0.2el * y)) / 0.2el) + 0.1041666667e2
* y) A 2 / (0.1el - (-0.1113013178el
A 2) + 0.2230005537e2 * y A 2 * (-
y) / (0.lel - (-0.1113013178el +
A 2) + 0.1041666667e2 * y A 2 * (-
y) A 3 / (0.lel - (-0.1113013178el +
A 2) A 2 * (-0.1113013178el +
+ 0.1250000000e2 * y * (0.4125e0 /
/ (0.10el - y) A 2) - (0.1064735946el
y) * ((0.10el - y) A 2 + 0.17015625e0) A
(-0.5987596164e0 + (0.10el - y) A 2) * (
-0.3el / 0.2el) * (-0.20el + 0.2el * y))
(-0.5987596164e0 + (0.10el - y) A 2) A 2
A (-0.lel / 0.2el)) A 2 + 0.1250000000e2
2 / (0.lel + 0.17015625e0 / (0.10el - y)
y
+
(0. l0el
* (
(-0.lel / 0.2el) -
(0.10el - y) ^ 2 +
* (0.lel -
/ ((0.10el - y) ^ 2
* y ^ 2 * (0.4125e0
A 2) 
-
(0.1064735946el * (-0.20el + 0.2el * y) * ((0.10el - y) A 2 + 0.17015625e0) A
(-0.lel / 0.2el) - 0.5323679730e0 * (-0.5987596164e0 + (0.10el - y) ^ 2) *
((0.10el - y) A 2 + 0.17015625e0) (-0.3el / 0.2el) * (-0.20el + 0.2el * y))
* (0.lel - 0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) ^ 2 /
((0.10el - y) A 2 + 0.17015625e0)) ^ (-0.lel / 0.2el)) * (0.8250e0 / (0.10el
- y) A 3 / (0.1el + 0.1 7 015625e0 / (0.10el - y) A 2) - 0.1403789062e0 /
(0.10el - y) A 5 / (0.1el + 0.1 7 015625e0 / (0.10el - y) A 2) A 2 -
(0.2 1 2 947 1892el * ((0.10el - y) A 2 + 0.1 7 015625e0) A (-0.lel / 0.2el) -
0.1064 7 35946el * (-0.20el + 0.2el * y) A 2 * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) + 0.7 9 8 5 519595e0 * (-0.5987596164e0 +
(0.10el - y) A 2) * ((0.10el - y) A 2 + 0.1 7 015625e0) A (-0.5el / 0.2el) *
0.20el + 0.2el * y) A 2 - 0.1064 7 35946el * (-0.5987596164e0 + (0.10el - y) A
2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el)) * (0.lel -
0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0)) A (-0.1el / 0.2el) + (0.1064735946el * (-0.20el + 0.2el * y)
* ((0.10el - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.5323679730e0 *
0.5 9 87596164e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.1 7 015625e0) A
0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.lel - 0. 1 133662635el * (-
0.5 9 8 7 596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A
(-0.3el / 0.2el) * (-0.2267 325270e1 * (-0.5987596164e0 + (0.10el - y) ^ 2) /
((0.10el - y) ^ 2 + 0.17015625e0) * (-0.20el + 0.2el * y) + 0.1133662635el *
(-0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)
A 2 * (-0.20el + 0.2el * y)) / 0.2el);
theory (n, 1) =y;
theory(n,2)=F;
n=n+l;
end
plot(theory(:,1),theory(:,2),'-ro')
hold on
%sample 25
theory = zeros(10,2);
for n=1:1:11
y=(n-1)*0.005;
F = 0.1 4 41776961el * y * (-0.2 424242424el / (0.lel + (-0.2 4 2 4242424el +
0. 2 424242424el * y) A 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) ^ 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.2 513305440e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.1 7 015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.lel - 0. 2 526681694e0 * (0.93907 2116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) A 2 +
0.1441776961el * y A 2 * (-0. 2 424242424el / (0.lel + (-0.2424242424el +
0. 2 4 2 4242424el * y) ^ 2) - (0. 5 02 6610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) 
- 0.2 5 13305440e0 * (0.93 9072116e0
+ (0.10el - y) ^ 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.lel - 0. 2 526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) *
(0.2 424242424el / (0.1el + (-0. 2 4 2 4242424el + 0.2 4 2 4242424el * y) ^ 2) A 2 *
(-0.1175390266e2 + 0.11 7 5390266e2 * y) - (0.1005322176el * ((0.10el - y) A 2
+ 0.17015625e0) A (-0.lel / 0.2el) - 0.5026610880e0 * (-0.20el + 0.2el * y) A
2 * ((0.10el - y) A 2 + 0.1 7 015625e0) A (-0.3el / 0.2el) + 0.3 7 6 9 958160e0 *
(0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.1 7 015625e0) A
0.5el / 0.2el) * (-0.20el + 0.2el * y) A 2 - 0.50 2 6610880e0 * (0. 9 3 9 0 7 2 116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.1 7 015625e0) A (-0.3el / 0.2el)) *
(0.1el - 0.2526681694e0 * (0.9 3 90 72116e0 + (0.10el - y) A 2) A 2 / ((0.10el -
y) A 2 + 0.1 7 015625e0)) A (-0.lel / 0.2el) + (0.50 2 6610880e0 * (-0.20el +
0.2el * y) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) -
0.2 513305440e0 * (0.93 9072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) * (-0.20e1 + 0.2el * y)) * (0.lel -
0.2 52 6681694e0 * (0.9 3 9072116e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 +
0.17015625e0)) A (-0.3el / 0.2el) * (-0.5053363388e0 * (0.939072116e0 +
(0.10el - y) ^ 2) / ((0.10el - y) ^ 2 + 0.17015625e0)
+ 0.2526681694e0 * (0.939072116e0
+ 0.17015625e0) A 2 * (-0.20e1 + 0
(-0.2140805316el
0.1070402658el *
0.2140805316el +
0.1070402658el *
0.2140805316el +
0.1070402658el *
0.1070402658el *
- y) ^ 2 / (0.lel
0.20el + 0.2el *
0.5323679730e0 *
0.17015625e0) A
0.1133662635el *
+ 0.17015625e0))
/ (0.10el - y) A
(0.1064735946el
(-0.lel / 0.2el)
+ 0.2140805316el
(0.10e1 - y) A 2)
0.2140805316el *
(0.10el - y) A 2)
0.2140805316el *
(0.10el - y) A 2)
(0.10el - y) A 2)
+ 0.17015625e0 /
y) * ((0.10el - y)
(-0.5987596164e0 +
(-0.3el / 0.2el) * (
(-0.5987596164e0 +
A (-0.lel / 0.2el))
2 / (0.lel + 0.1701
(-0.20el + 0.2el *
- 0.5323679730e0 *
((0.10e1 - y) A 2 + 0.17015625e0) A
* (0.lel - 0.1133662635el * (-0.5987
((0.10el - y) ^ 2 + 0.17015625e0)) A
- y) A 3 / (0.lel + 0.17015625e0 / (
(0.10el - y) A 5 / (0.lel + 0.170156
+ (0.10el - y) ^ 2) ^ 2 / ((0.10el -
.2el * y)) / 0.2el) + 0.1929093750el
* y) A 2 / (0.lel - (-0.1113013178el
A 2) + 0.4129814155el * y ^ 2 * (-
y) / (0.lel - (-0.1113013178el +
A 2) + 0.1929093750el * y A 2 * (-
y) A 3 / (0.lel - (-0.1113013178el +
A 2) A 2 * (-0.1113013178el +
+ 0.2314912500el * y * (0.4125e0 /
(0.10el - y) A 2) - (0.1064735946el * (-
* (-0.20e1 + 0.2el * y)
(0. 10el
A 2 + 0.17015625e0) A (-0.lel / 0.2el) -
(0.10el - y) A 2) * ((0.10el - y) A 2 +
-0.20e1 + 0.2el * y)) * (O.lel -
(0.10el - y) A 2) A 2 / ((0.10el - y) ^ 2
A 2 + 0.2314912500el * A 2 * (0.4125e0
5625e0 / (0.10el - y) A 2) -
y) * ((0.10el - y) A 2 + 0.17015625e0) A
(-0.5987596164e0 + (0.10el - y) ^ 2) *
(-0.3el / 0.2el) * (-0.20el + 0.2el * y))
596164e0 + (0.10el - y) ^ 2) ^ 2 /
(-0.lel / 0.2el)) * (0.8250e0 / (0.10el
0.10e1 - y) ^ 2) - 0.1403789062e0 /
25e0 / (0.10e1 - y) A 2) ^ 2 -
(0.2129471892el * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.lel / 0.2el) -
0.1064735946el * (-0.20el + 0.2el * y) ^ 2 * ((0.10el - y) ^ 2 +
0.17015625e0) A (-0.3el / 0.2el) + 0.7985519595e0 * (-0.5987596164e0 +
(0.10el - y) A 2) * ((0.10e1 - y) A 2 + 0.17015625e0) ^ (-0.5el / 0.2el) *
0.20el + 0.2el * y) A 2 - 0.1064735946el * (-0.5987596164e0 + (0.10el - y) A
2) * ((0.10el - y) ^ 2 + 0.17015625e0) A (-0.3el / 0.2e1)) * (0.lel -
0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0)) A (-0.lel / 0.2el) + (0.1064735946el * (-0.20el + 0.2el * y)
* ((0.10el - y) A 2 + 0.17015625e0) A (-0.1el / 0.2el) - 0.5323679730e0 *
0.5987596164e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A
0.3el / 0.2el) * (-0.20el + 0.2e1 * y)) * (0.lel - 0.1133662635el * (-
0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A
(-0.3el / 0.2el) * (-0.2267325270el * (-0.5987596164e0 + (0.10el - y) ^ 2) /
((0.10el - y) A 2 + 0.17015625e0) * (-0.20el + 0.2el * y) + 0.1133662635el *
(-0.5987596164e0 + (0.10el - y) ^ 2) ^ 2 / ((0.10el - y) ^ 2 + 0.17015625e0)
A 2 * (-0.20el + 0.2el * y)) / 0.2el);
theory (n, 1) =y;
theory (n, 2) =F;
n=n+1;
end
plot(theory(:,1),theory(:,2),'g')
%sample 26
theory = zeros(10,2);
for n=1:1:11
y=(n-i)*0.005;
F = 0.1225490196e2 * y * (-0.2424242424el / (0.lel + (-0.2424242424el +
0.2424242424el * y) A 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) ^ 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el -
^ 2
y *
y) ^ 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A (-O.lel / 0.2el)) A 2 +
0.1225490196e2 * y 2 * (-0.2424242424el / (0.lel + (-0.2424242424el +
0.2424242424el * y) 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) A 2 + 0.17015625e0) A (-O.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (O.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) ^ 2 + 0.17015625e0)) A (-O.lel / 0.2el)) *
(0.2424242424el / (0.lel + (-0.2424242424el + 0.2424242424el * y) A 2) A 2 *
(-0.1175390266e2 + 0.1175390266e2 * y) - (0.1005322176el * ((0.10el - y) A 2
+ 0.17015625e0) A (-O.lel / 0.2el) - 0.5026610880e0 * (-0.20el + 0.2el * y) A
2 * ((0.10el - y) ^ 2 + 0.17015625e0) ^ (-0.3el / 0.2el) + 0.3769958160e0 *
(0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A
0.5el / 0.2el) * (-0.20el + 0.2el * y) A 2 - 0.5026610880e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.3el / 0.2el)) *
(0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el - y) ^ 2) A 2 / ((0.10el -
y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el) + (0.5026610880e0 * (-0.20el +
0.2el * y) * ((0.10el - y) A 2 + 0.17015625e0) A (-O.lel / 0.2el) -
0.2513305440e0 * (0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2e1) * (-0.20el + 0.2el * y)) * (O.lel -
0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 +
0.17015625e0)) ^ (-0.3el / 0.2el) * (-0.5053363388e0 * (0.939072116e0 +
(0.10el - y) ^ 2) / ((0.10el - y) 2 + 0.17015625e0) * (-0.20el + 0.2el * y)
+ 0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0) ^ 2 * (-0.20e1 + 0.2el * y)) / 0.2el) + 0.7593750000el * y *
(-0.2140805316el + 0.2140805316el * y) A 2 / (O.lel - (-0.1113013178el +
0.1070402658el * (0.10el - y) A 2) A 2) + 0.1625674037e2 * y ^ 2 * (-
0.2140805316el + 0.2140805316el * y) / (0.lel - (-0.1113013178el +
0.1070402658el * (0.10el - y) ^ 2) ^ 2) + 0.7593750000el * y ^ 2 * (-
0.2140805316el + 0.2140805316el * y) A 3 / (O.lel - (-0.1113013178el +
0.1070402658el * (0.10el - y) A 2) ^ 2) A 2 * (-0.1113013178el +
0.1070402658el * (0.10el - y) ^ 2) + 0.1250000000e2 * y * (0.4125e0 / (0.10el
- y) ^ 2 / (0.lel + 0.17015625e0 / (0.10el - y) A 2) - (0.1064735946el * (-
0.20e1 + 0.2el * y) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.lel / 0.2el) -
0.5323679730e0 * (-0.5987596164e0 + (0.10el - y) ^ 2) * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (O.lel -
0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0)) ^ (-0.lel / 0.2el)) ^ 2 + 0.1250000000e2 * A 2 * (0.4125e0
/ (0.10el - y) A 2 / (0.lel + 0.17015625e0 / (0.10el - y) A 2) -
(0.1064735946el * (-0.20el + 0.2e1 * y) * ((0.10el - y) A 2 + 0.17015625e0) A
(-0.lel / 0.2el) - 0.5323679730e0 * (-0.5987596164e0 + (0.10el - y) ^ 2) *
((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y))
* (O.lel - 0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) A 2 /
((0.10el - y) ^ 2 + 0.17015625e0)) ^ (-O.lel / 0.2el)) * (0.8250e0 / (0.10el
- y) A 3 / (0.lel + 0.17015625e0 / (0.10el - y) ^ 2) - 0.1403789062e0 /
(0.10el - y) A 5 / (0.lel + 0.17015625e0 / (0.10el - y) A 2) A 2 -
(0.2129471892el * ((0.10el - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) -
0.1064735946el * (-0.20el + 0.2el * y) A 2 * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) + 0.7985519595e0 * (-0.5987596164e0 +
(0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.5el / 0.2el) *
0.20e1 + 0.2el * y) A 2 - 0.1064735946el * (-0.5987596164e0 + (0.10el - y) A
2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el)) * (0.lel -
0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0)) A (-0.lel / 0.2el) + (0.1064735946el * (-0.20el + 0.2el * y)
* ((0.10e1 - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.5323679730e0 *
0.5987596164e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A
0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.lel - 0.1133662635el * (-
0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A
(-0.3el / 0.2el) * (-0.2267325270el * (-0.5987596164e0 + (0.10el - y) A 2) /
((0.10el - y) A 2 + 0.17015625e0) * (-0.20el + 0.2el * y) + 0.1133662635el *
(-0.5987596164e0 + (0.10el - y) A 2) ^ 2 / ((0.10el - y) A 2 + 0.17015625e0)
A 2 * (-0.20el + 0.2el * y)) / 0.2el);
theory (n, 1) =y;
theory (n, 2) =F;
n=n+1;
end
plot(theory(:,1),theory(:,2),'b')
%sample 23
theory = zeros(10,2);
for n=1:1:11
y=(n-i)*0.005;
F = 0.5815588236el * y * (-0.2424242424el / (0.lel + (-0.2424242424el +
0.2424242424el * y) A 2) - (0.5026610880e0 * (-0.20e1 + 0.2el * y) * ((0.10el
- y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) A 2 +
0.5815588236el * y A 2 * (-0.2424242424el / (0.lel + (-0.2424242424el +
0.2424242424el * y) ^ 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.1el - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) *
(0.2424242424el / (0.lel + (-0.2424242424el + 0.2424242424el * y) A 2) ^ 2 *
(-0.1175390266e2 + 0.1175390266e2 * y) - (0.1005322176el * ((0.10el - y) A 2
+ 0.17015625e0) A (-0.lel / 0.2el) - 0.5026610880e0 * (-0.20el + 0.2el * y) A
2 * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) + 0.3769958160e0 *
(0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A
0.5el / 0.2el) * (-0.20el + 0.2el * y) A 2 - 0.5026610880e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el)) *
(0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el -
y) ^ 2 + 0.17015625e0)) A (-0.1el / 0.2el) + (0.5026610880e0 * (-0.20el +
0.2el * y) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.lel / 0.2el) -
0.2513305440e0 * (0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.lel -
0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 +
0.17015625e0)) A (-0.3el / 0.2el) * (-0.5053363388e0 * (0.939072116e0 +
(0.10el - y) A 2) / ((0.10el - y) A 2 + 0.17015625e0) * (-0.20el + 0.2el * y)
+ 0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0) A 2 * (-0.20el + 0.2el * y)) / 0.2el) + 0.3132947916el * y *
(-0.2140805316el + 0.2140805316el * y) A 2 / (0.1el - (-0.1113013178el +
0.1070402658el * (0.10el - y) A 2) A 2) + 0.6707031553el * y A 2 * (-
0.2140805316el + 0.2140805316el * y) / (0.lel - (-0.1113013178el +
0.1070402658el * (0.10el - y) A 2) A 2) + 0.3132947916el * y A 2 * (-
0.2140805316el + 0.2140805316el * y) A 3 / (0.1el - (-0.1113013178el +
0.1070402658el * (0.10el - y) A 2) A 2) A 2 * (-0.1113013178el +
0.1070402658el * (0.10el - y) A 2) + 0.6643012500e1 * y * (0.4125e0 / (0.10el
- y) A 2 / (0.lel + 0.17015625e0 / (0.10el - y) A 2) - (0.1064735946el * (-
0.20el + 0.2el * y) * ((0.10el - y) ^ 2 + 0.17015625e0) A (-0.lel / 0.2el) -
0.5323679730e0 * (-0.5987596164e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.lel -
0.1133662635el * (-0.5987596164e0 + (0.10e1 - y) A 2) A 2 / ((0.10e1 - y) A 2
+ 0.17015625eo)) ^ (-0.lel / 0.2el)) ^ 2 + 0.6643012500el * y A 2 * (0.4125e0
/ (0.10el - y) ^ 2 / (O.lel + 0.17015625e0 / (0.10el - y) ^ 2) -
(0.1064735946el * (-0.20el + 0.2el * y) * ((0.10el - y) ^ 2 + 0.17015625e0) ^
(-0.lel / 0.2el) - 0.5323679730e0 * (-0.5987 596164e0 + (0.10el - y) ^ 2) *
((0.10el - y) ^ 2 + 0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y))
* (O.lel - 0.1133662635el * (-0.5987596164e0 + (0.10el - y) ^ 2) ^ 2 /
((0.10el - y) ^ 2 + 0.17015625e0)) ^ (-O.lel / 0.2el)) * (0.8250e0 / (0.10el
- y) ^ 3 / (0.lel + 0.17015625e0 / (0.10el - y) ^ 2) - 0.1403789062e0 /
(0.10el - y) ^ 5 / (0.lel + 0.17015625e0 / (0.10el - y) ^ 2) A 2 -
(0.2129471892el * ((0.10el - y) ^ 2 + 0.17015625e0) ^ (-O.lel / 0.2el) -
0.1064735946el * (-0.20el + 0.2el * y) ^ 2 * ((0.10el - y) ^ 2 +
0.17015625e0) A (-0.3el / 0.2el) + 0.7985519595e0 * (-0.5987596164e0 +
(0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.5el / 0.2el) *
0.20el + 0.2el * y) A 2 - 0.1064735946el * (-0.5987596164e0 + (0.10el - y) A
2) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.3el / 0.2el)) * (O.lel -
0.1133662635el *
+ 0.17015625e0))
* ((0.10el - y)
0.5987596164e0 +
0.3el / 0.2el) *
0.5987596164e0 +
(-0.3el / 0.2el)
((0.10el - y) ^
(-0.5987596164e0
A 2 * (-0.20e1 +
theory (n, 1)=
theory(n,2)=
(-0.5987596164e0 + (0.10el - y) ^ 2) A 2 / ((0.10el - y) ^
A (-0.lel / 0.2el) + (0.1064735946el * (-0.20el + 0.2el *
A 2 + 0.17015625e0) A (-0.le1 / 0.2el) 
- 0.53 2 3679730e0 *
(0.10el - y) A 2) * ((0.10el - y) A 2 + 0.1 7 015625e0) A
(-0.20el + 0.2el * y)) * (0.lel - 0.1133662635el * (-
(0.10el - y) A 2) A 2 / ((0.10el - y) ^ 2 + 0.17015625e0))
* (-0.2267325270el * (-0.5987596164e0 + (0.10el - y) A 2)
2
+
0
Y;
F;
+ 0.17015625e0) * (-0.20el + 0.2el * y) + 0.1133662635el *
(0.10el - y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)
.2el * y)) / 0.2el);
n=n+1;
end
plot(theory(:,1),theory(:,2),'c')
%sample 22
theory = zeros (10,2);
for n=1:1:11
y=(n-i)*0.005;
F = 0.5170036764el *
0.2424242424el * y) A 2)
- y) A 2 + 0.17015625e0)
+ (0.10el 
- y) A 2) * ((
(-0.20e1 + 0.2el * y)) *
y) A 2) A 2 / ((0.10el -
0.5170036764el * y A 2 *
0.2424242424el * y) A 2)
- y) A 2 + 0.17015625e0)
y * (-0.2424242424el / (0.lel + (-0.2424242424el +
- (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
A (-0.lel / 0.2el) - 0. 2 513305440e0 * (0.939072116e0
0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(0.1el - 0. 2 526681694e0 * (0.939072116e0 + (0.10el -
y) ^ 2 + 0.17015625e0)) A (-0.lel / 0.2el)) A 2 +
(-0.2424242424el / (0.lel + (-0.2424242424el +
- (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
A (-0.lel / 0.2el) 
- 0.2 513305440e0 * (0.9 3 9072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.1 7 0 15625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) *
(0.2424242424el / (0.lel + (-0.2424242424el + 0.2 424242424el * y) A 2) A 2 *
(-0.1175390266e2 + 0.11 75390266e2 * y) - (0.10 0 5 3 2 2176el * ((0.10el - y) A 2
+ 0.17015625e0) A (-0.lel / 0.2el) - 0.5026610880e0 * (-0.20el + 0.2el * y) A
2 * ((0.10el - y) ^ 2 + 0.1 7 015625e0) A (-0.3el / 0.2el) + 0. 3 7 6 9 9 5 8 160e0 *
(0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) ^
0.5el / 0.2el) * (-0.20el + 0.2el * y) A 2 - 0.50 2 6610880e0 * (0.9 3 907 2116e0
+ (0.10el - y) A 2) * ((0.10el - y) ^ 2 + 0.1 7 0 15625e0) A (-0.3el / 0.2el)) *
(0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el -
y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el) + (0.50 2 6610880e0 * (-0.20el +
0.2el * y) * ((0.10el - y) A 2 + 0.1 7 015625e0) A (-0.lel / 0.2el) -
2
y)
/
.2513305440e0 *
.17 015625e0) ^
.2526681694e0 *
(0
(-0
(0
.939072116eO + (0.10el - y) A 2) * ((0.10el - y) A 2 +
.3el / 0.2e1) * (-0.20el + 0.2el * y)) * (0.lel -
.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 +
0.17015625eo)) A (-0.3e1 / 0.2el) * (-0
(0.10el - y) A 2) / ((0.10el - y) A 2 +
+ 0.2526681694eO * (0.939072116e0 + (0.
+ 0.17015625e0) A 2 * (-0.20el + 0.2el
(-0.2140805316el
0.1070402658el *
0.2140805316el +
0.1070402658el *
0.2140805316el +
0.1070402658el *
0.1070402658el *
- y) A 2 / (0.lel
0.20el + 0.2el *
0.5323679730e0 *
0.17015625e0) A
0.1133662635el *
+ 0.17015625e0))
/ (0.10el - y) A
+ 0.2140805316el
(0.10el - y) ^ 2)
0.2140805316el *
(0.10el - y) A 2)
0.2140805316el *
(0.10el - y) ^ 2)
(0.10el - y) A 2)
+ 0.1 7 015625e0 /
y) * ((0.10el - y
* y)
A 2)
y) /
A 2)
y) ^A
A 2)
+ 0.
.5053363388e0 * (0.939072116eo +
0.17015625eo) * (-0.20el + 0.2el
l0el - y) A 2) A 2 / ((0.10el - y)
* y)) / 0.2el) + 0.6859406250el *
A 2 / (0.lel - (-0.1113013178el +
+ 0.1468465336e2 * y A 2 * (-
(0.lel - (-0.1113013178el +
+ 0.6859406250el * y A 2 * (-
3 / (0.lel - (-0.1113013178el +
A 2 * (-0.1113013178el +
5065300000el * y * (0.4125e0 / (0.
(0.10el - y) A 2) - (0.1064735946el
) A 2 + 0.17015625e0)
(-0.5987596164e0 + (0.10el - y) A 2) * (
-0.3el / 0.2el) * (-0.20el + 0.2el * y))
(-0.5987596164e0 + (0.10el - y) ^ 2) ^ 2
A (-0.lel / 0.2el)) A 2 + 0.5065300000el
2 / (0.lel + 0.17015625e0 / (0.10el - y)
* y)
A 2
y *
10el
* (
(-0.lel / 0.2el) -
(0.10el - y) 2 +
* (0.lel -
/ ((0.10el - y) ^ 2
* A 2 * (0.4125e0
A 2) 
-
(0.1064735946el * (-0.20el + 0.2el * y) * ((0.10el - y) A 2 + 0.17015625e0) A
(-0.lel / 0.2el) - 0.5323679730e0 * (-0.5987596164e0 + (0.10el - y) A 2) *
((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) * (-0.20e1 + 0.2el * y))
* (0.lel - 0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) A 2 /
((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) * (0.8250e0 / (0.10el
- y) A 3 / (0.lel + 0.17015625e0 / (0.10el - y) A 2) - 0.1403789062e0 /
(0.10el - y) A 5 / (0.lel + 0.17015625e0 / (0.10el - y) A 2) A 2 -
(0.2129471892el * ((0.10el - y) ^ 2 + 0.17015625e0) A (-0.lel / 0.2el) -
0.1064735946el * (-0.20el + 0.2el * y) A 2 * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) + 0.7985519595e0 * (-0.5987596164e0 +
(0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.5el / 0.2el) *
0.20el + 0.2e1 * y) ^ 2 - 0.1064735946el * (-0.5987596164e0 + (0.10el - y) A
2) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.3el / 0.2el)) * (0.lel -
0.1133662635el
+ 0.17015625e0)
* ((0.10el - y)
0.5987596164e0
0.3el / 0.2el)
0.5987596164e0
(-0.3e1 / 0.2el
((0.
(-0.
A 2
(-0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
A (-0.lel / 0.2el) + (0.1064735946el * (-0.20el + 0.2el * y)
A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.5323679730e0 *
(0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A
(-0.20el + 0.2el * y)) * (0.1el - 0.1133662635el * (-
(0.10el - y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A
* (-0.2267325270el * (-0.5987596164e0 + (0.10el - y) A 2) /
10el - y) A 2 + 0.17015625e0) * (-
5987596164e0 + (0.10el - y) A 2) A
* (-0.20el + 0.2el * y)) / 0.2el);
theory (n, 1) =y;
theory (n, 2) =F;
n=n+l;
0.20el + 0.2el * y) + 0.1133662635el *
2 / ((0.10el - y) A 2 + 0.1 7 015625e0)
end
plot(theory(:,1),theory(:,2),'m')
%sample 4-1
theory = zeros (10,2);
for n=1:1:11
y=(n-1) *0.005;
F = 0.2225303922e2 *
0.2424242424el * y) A 2)
- y) A 2 + 0.17015625e0)
* (-0.2424242424el / (0.lel + (-0.2424242424el +
(0.5026610880e0 * (-0.20e1 + 0.2el * y) * ((0.10el
(-0.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
^
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (O.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) ^ (-O.lel / 0.2el)) A 2 +
0.2225303922e2 * y ^ 2 * (-0.2424242424el / (O.lel + (-0.2424242424el +
0. 2 424242424el * y) A 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) ^ 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (O.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) ^ 2 + 0.17015625e0)) A (-O.lel / 0.2el)) *
(0.2424242424el / (0.lel + (-0.2424242424el + 0.2424242424el * y) A 2) ^ 2 *
(-0.1175390266e2 + 0.1175390266e2 * y) - (0.1005322176el * ((0.10el - y) A 2
+ 0.17015625e0) A (-O.lel / 0.2el) - 0.5026610880e0 * (-0.20el + 0.2el * y) A
2 * ((0.10el - y) ^ 2 + 0.17015625e0) A (-0.3el / 0.2el) + 0.3 7 69958160e0 *
(0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) ^ 2 + 0.17015625e0) A
0.5el / 0.2el) * (-0.20el + 0.2el * y) ^ 2 - 0.5026610880e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.3el / 0.2el)) *
(0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el -
y) ^ 2 + 0.17015625e0)) A (-0.lel / 0.2el) + (0.5026610880e0 * (-0.20el +
0.2el * y) * ((0.10el - y) ^ 2 + 0.17015625e0) ^ (-0.lel / 0.2el) -
0.2513305440e0 * (0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.lel -
0.2526681694e0 * (0.939072116e0 + (0.10e1 - y) ^ 2) A 2 /
0.17015625e0)) A (-0.3el / 0.2el) * (-0.5053363388e0 * (0
(0.10el - y) A 2) / ((0.10el - y) A 2 + 0.17015625e0) * (
+ 0. 2 526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2
± 0.17015625e0) ^ 2 * (-0.20el + 0.2el * y)) / 0.2el) + 0
(-0. 2 1 40805316el + 0.2140805316el * y) ^ 2 / (0.lel - (-0
0.1070402658el * (0.10el - y) ^ 2) A 2) + 0.1736478552e2
0.2140805316el + 0.2140805316el * y) / (0.lel - (-0.11130
0.1070402658el * (0.10el - y) ^ 2) A 2) + 0.8111333334el
0.2140805316el + 0. 2 140805316el * y) ^ 3 / (0.lel - (-0.1
0.1070402658el * (0.10el - y) ^ 2) ^ 2) A 2 * (-0.1113013
((0.10el - y)
.939072116e0 +
-0.20el + 0.2el
/ ((0.10el - y)
.8111333334el *
.1113013178el +
* y A 2 * (-
13178el +
* y A 2 * (-
113013178el +
178el +
2 +
* y)
A 2
y *
U.UUU~-)ei* (.1e ) A2) + 0. 8812112500el *y * (0.4125e0 / (0.10el
- y) A 2 / (0.lel + 0.17015625e0 / (0.10el - y) A 2) - (0.1064735946el * (-
0.20el + 0.2el * y) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.le1 / 0.2el) -
0.5323679730e0 * (-0.5987596164e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 +
0.17015625e0) ^ (-0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.1el -
0.1133662635el * (-0.5987596164e0 + (0.10el - y) ^ 2) ^ 2 / ((0.10el - y) ^ 2
+ 0.17015625e0)) A (-0.lel / 0.2el)) A 2 + 0.8 812112500el * y ^ 2 * (0.4125e0
/ (0.10el - y) A 2 / (0.lel + 0.1 7 015625e0 / (0.10el - y) A 2) -
(0.1064735946el * (-0.20e1 + 0.2el * y) * ((0.10el - y) A 2 + 0.1 7 015625e0) A
(-0.lel / 0.2el) - 0.5323679730e0 * (-0.5987 596164e0 + (0.10el - y) A 2) *
((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y))
* (0.lel - 0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) A 2 /
((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) * (0.8250e0 / (0.10el
- y) A 3 / (0.lel + 0.17015625e0 / (0.10el 
- y) A 2) - 0.1403789062e0 /
(0.10el - y) A 5 / (0.lel + 0.1 7 015625e0 / (0.10el - y) A 2) A 2 -
(0.2 129471892el * ((0.10el - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) -
0.1064735946el * (-0.20el + 0.2el * y) A 2 * ((0.10el - y) A 2 +
0.1 7 015625e0) A (-0.3el / 0.2el) + 0.7985519595e0 * (-0.5987596164e0 +
(0.10el - y) A 2) * ((0.10el - y) A 2 + 0.1 7 0 15625e0) A (-0.5el / 0.2el) *
0.20el + 0.2el * y) A 2 - 0.1 0 64 7 35946el * (-0. 5 987596164e0 + (0.10e1 - y) A
2) * ((0.10el - y) A 2 + 0.1 7 015625e0) A (-0.3el / 0.2el)) * (0.lel -
0.1133662635el * (-0.5987 596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0)) A (-0.lel / 0.2el) + (0.10 6 4 7 35946el * (-0.20el + 0.2el * y)
* ((0.10el - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.5323679730e0 * (-
0.5987596164e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-
100
^
0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.lel - 0.1133662635el * (-
0.5987596164e0 + (0.10el - y) ^ 2) A 2 / ((0.10el - y) ^ 2 + 0.17015625e0)) A
(-0.3el / 0.2el) * (-0.2267325270e1 * (-0.5987596164e0 + (0.10el - y) ^ 2) /
((0.10e1 - y) ^ 2 + 0.17015625e0) * (-0.20el + 0.2el * y) + 0.1133662635el *
(-0.5987596164e0 + (0.10el - y) A 2) ^ 2 / ((0.10el - y) ^ 2 + 0.17015625e0)
A 2 * (-0.20e1 + 0.2el * y)) / 0.2el);
theory(n,1)=y;
theory (n, 2) =F;
n=n+1;
end
plot(theory(:,1),theory(:,2),'y')
%sample 4-3
theory = zeros (10,2);
for n=1:1:11
y= (n-1) *0.005;
F = 0.1721725490e2 * y * (-0.2424242424el / (0.lel + (-0.2424242424el +
0.2424242424el * y) A 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10e1
- y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.1el - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) A 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) ^ 2 +
0.1721725490e2 * y ^ 2 * (-0.2424242424el / (0.lel + (-0.2424242424el +
0.2424242424el * y) A 2) - (0.5026610880e0 * (-0.20el + 0.2el * y) * ((0.10el
- y) A 2 + 0.17015625e0) A (-0.1el / 0.2el) - 0.2513305440e0 * (0.939072116e0
+ (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) *
(-0.20el + 0.2el * y)) * (0.lel - 0.2526681694e0 * (0.939072116e0 + (0.10el -
y) ^ 2) A 2 / ((0.10el - y) ^ 2 + 0.17015625e0)) A (-0.lel / 0.2el)) *
(0.2424242424el / (0.lel + (-0.2424242424el + 0.2424242424el * y) A 2) A 2 *
(-0.1175390266e2 + 0.1175390266e2 * y) - (0.1005322176el * ((0.10el - y) ^ 2
+ 0.17015625e0) A (-0.lel / 0.2el) - 0.5026610880e0 * (-0.20el + 0.2el * y) A
2 * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) + 0.3769958160e0 *
(0.939072116e0 + (0.10el - y) ^ 2) * ((0.10el - y) A 2 + 0.17015625e0) ^
0.5el / 0.2el) * (-0.20el + 0.2el * y) ^ 2 - 0.5026610880e0 * (0.939072116e0
+ (0.10el -- y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el)) *
(0.1el - 0.2526681694e0 * (0.939072116e0 + (0.10el - y) ^ 2) A 2 / ((0.10el -
y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el) + (0.5026610880e0 * (-0.20el +
0.2el * y) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) -
0.2513305440e0 * (0.939072116e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 +
0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.lel -
0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2 +
0.17015625e0)) A (-0.3el / 0.2el) * (-0.5053363388e0 * (0.939072116e0 +
(0.10el - y) A 2) / ((0.10el - y) A 2 + 0.17015625e0) * (-0.20el + 0.2el * y)
+ 0.2526681694e0 * (0.939072116e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0)
(-0.2140805316el
0.1070402658el
0.2140805316el
0.1070402658el
0.2140805316el
0.1070402658el
0.1070402658el
- y) A 2 / (0.
0.20el + 0.2el
*
+
*
+±
*
*
le
*
^ 2 * (-0.20el + 0.2el * y)) / 0.2el) + 0.8378718750el * y *
+ 0.2140805316el * y) A 2 / (0.lel - (-0.1113013178el +
(0.10el - y) ^ 2) A 2) + 0.1793720564e2 * y A 2 * (-
0.2140805316el * y) / (0.lel - (-0.1113013178el +
(0.10el - y) A 2) A 2) + 0.8378718750el * y A 2 * (-
0.2140805316el * y) A 3 / (0.1el - (-0.1113013178el +
(0.10el - y) ^ 2) A 2) A 2 * (-0.1113013178el +
(0.10el - y) A 2) + 0.8518400000el * y * (0.4125e0 / (0.10el
l + 0.17015625e0 / (0.10el - y) A 2) - (0.1064735946el * (-
y) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) -
5323679730e0 * (-0.5987596164e0 + (0.10el - y) A 2) * (
17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y))
1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) ^ 2
(0.10el - y) ^ 2 +
* (0.lel -
/ ((0.10el - y) A 2
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+ 0.17015625eO)) ^ (-0.lel / 0.2el)) A 2 + 0.8518400000el * y A 2 * (0.4125eO
/ (0.10el - y) A 2 / (0.lel + 0.17015625e0 / (0.10el - y) A 2) -
(0.1064735946el * (-0.20el + 0.2el * y) * ((0.10el - y) ^ 2 + 0.17015625e0) A
(-0.lel / 0.2el) - 0.5323679730e0 * (-0.5987596164e0 + (0.10el - y) ^ 2) *
((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el) * (-0.20el + 0.2el * y))
* (0.1el - 0.1133662635el * (-0.5987596164e0 + (0.10el - ^ 2) A 2 /
((0.10el - y) A 2 + 0.17015625e0)) A (-0.lel / 0.2el)) * (0.8250e0 / (0.10el
- y) A 3 / (0.1el + 0.17015625e0 / (0.10el - y) A 2) - 0.1403789062e0 /
(0.10el - y) ^ 5 / (0.lel + 0.17015625e0 / (0.10el - y) ^ 2) ^ 2 -
(0.2129471892el * ((0.10el - y) ^ 2 + 0.17015625e0) ^ (-0.lel / 0.2el) -
0.1064735946el * (-0.20el + 0.2el * y) A 2 * ((0.10el - y) ^ 2 +
0.17015625e0) A (-0.3el / 0.2el) + 0.7985519595e0 * (-0.5987596164e0 +
(0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) ^ (-0.5el / 0.2el) *
0.20el + 0.2el * y) ^ 2 - 0.1064735946el * (-0.5987596164e0 + (0.10el - y) A
2) * ((0.10el - y) A 2 + 0.17015625e0) A (-0.3el / 0.2el)) * (0.lel -
0.1133662635el * (-0.5987596164e0 + (0.10el - y) A 2) A 2 / ((0.10el - y) A 2
+ 0.17015625e0)) A (-0.lel / 0.2el) + (0.1064735946el * (-0.20el + 0.2el * y)
* ((0.10el - y) A 2 + 0.17015625e0) A (-0.lel / 0.2el) - 0.5323679730e0 *
0.5987596164e0 + (0.10el - y) A 2) * ((0.10el - y) A 2 + 0.17015625e0) A
0.3el / 0.2el) * (-0.20el + 0.2el * y)) * (0.lel - 0.1133662635el * (-
0.5987596164e0 + (0.10el - y) ^ 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)) A
(-0.3el / 0.2el) * (-0.2267325270el * (-0.5987596164e0 + (0.10el - y) ^ 2) /
((0.10el - y) A 2 + 0.17015625e0) * (-0.20el + 0.2el * y) + 0.1133662635el *
(-0.5987596164e0 + (0.10el - y) ^ 2) A 2 / ((0.10el - y) A 2 + 0.17015625e0)
A 2 * (-0.20el + 0.2el * y)) / 0.2el);
theory (n, 1) =y;
theory(n,2)=F;
n=n+l;
end
plot(theory(:,1),theory(:,2),'k')
axis([0 0.05 0 5]) %Set axis limits
set(gca,'XTick',0:0.005:0.05) %Set axis tick mark values
set(gca,'YTick',0:1:5)
xlabel('Compression (in)') %Set axis names
ylabel('Force (lbf)')
title('') %Set plot title
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